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Abstract
In this study we characterize bounds for analytic functions general with Jordan canonical representation and upper
of matrices in Banach algebras. We consider both 2x2 and triangular matrices.

3x3 matrices in Hilbert spaces and Banach algebras in
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1. Introduction

An analytic function is a function that is locally given by a convergent power series M. There exist both real analytic functions
and complex analytic functions [2. These functions are infinitely differentiable. A complex analytic function is holomorphic
i.e., it is complex differentiable. A matrix function is a function which maps a matrix to another matrix . A matrix function
can be lifted from a real function by power series, Jordan decomposition, Cauchy integral, matrix perturbations etc [*l. Bounds
for analytic functions of matrices have attracted considerable interest over the years -1, These bounds relate the size of the
functions of matrices to the size of matrix polynomials over the numerical range 27, The numerical range of a matrix is a
convex subset of the complex plane, consisting of all Rayleigh quotients given by the following

%
X Ax

p x+0,xeC”
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W4 =
The numerical range has very nice properties including convexity and compactness 1. Furthermore, the numerical range has

applications in many areas including operator theory, dilation theory, C*-algebras and factorization of matrix polynomials (just
to mention a few) and thus is a promising set to consider when seeking information about a matrix. The numerical range can

also be generalized to higher rank numerical range, defined for ™ % ™ matrix 4 as
Ap(A) ={A € C: X*AX = A, forsomen X kmatrix X withX*X =0, } 1=k =n,
This was first introduced by [°1. The higher rank numerical range has application in quantum error correction codes. The

interest for the bounds of analytic function stems largely from its importance in a number of applications including numerical
analysis, harmonic analysis, quantum chemistry, quantum information theory, random matrix theory, quantum physics,

perturbation theory etc. In this work, we build on the work of % to investigate the bound for analytic function of 3%3 matrices
with numerical range as ellipse 3, We study the bound

o) = sup{[ F |: 7 € H=(Q, [ £]l o g = 1}
And letting W(A) to be numerical range of A, we have

Y(4) = S'L{p{ll P(A4) ||: P polynomial, || P|| 1oy = l}
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= sup{yp(4) : W(4) c 0},
Where 2 is an open convex subset of the complex plane (2 # @ # T),

2. Preliminaries
In this section, we give some basic definitions, results and theorems used in this study.

Definition 1.2.1: A set 5= R"or €% js said to be convex if the line segment connecting ¥ and ¥ is contained in
StevryeS| tx+ (1—t)y:te[01] }cs

Definition 1.2.2: Let 4 € C""". jf Ax = Axfor 1€ €, x # Othen 4 is the eigenvalue of 4 and ¥ is the eigenvector of 4. The set
of all eigenvalues of 4 is the spectrum of # denoted as #{4).

Definition 1.2.3: The convex hull of a set 5, denoted €2(5). is the minimal convex set containing 5.
Definition 1.2.4: For any analytic function f defined on aset 2 = C | it holds

2mi Jp z—x

dz

where € is a closed curve inside the domain D enclosing *.This is called the Cauchy integral formula.

Definition 1.2.5: Let T : H1 = Hz be a bounded linear operator, where #1and Hz are Hilbert spaces.Then the Hilbert adjoint
operator T* of T is the operator T* : H2 = Hisych that for all * € Hy and ¥ € Hz (Tx, ) = (x,T"y),

Definition 1.2.6: Two vectors * and¥ in an inner product space £ are said to be orthogonal if and only if (¥} =0,x =,
denoted by *~¥.

Definition 1.2.7: Let S be a subset of a Hilbert space H. The set of all vectors orthogonal to 3 is called the orthogonal
complement of S denoted by S".ie., S*={x €H :x"5,¥Vs €5},

Definition 1.2.8: Let4 € M. Write 4=H + iK wijth H.K Hermitiian, and let La(wv,w) =det(ul + vK +wl)  The
equation La(u, v, w) =0  with %W viewed as homogeneous line coordinates defines an algebraic curve of class™ called
Kippenhahn polynomial.
Definition 1.2.9: The real part of the algebraic curve La(u,v,w) = 0 s called the associated curve denoted by €{(4).
Definition 1.2.10: We say that a matrix 4 is reducible if there exist a unitary matrix U such that
U*AU = diag[4, A,]
where both diagonal blocks are of non-zero size.
Definition 1.2.11: Let H be a Hilbert space. An operator T : H = H js called Hermitian or self-adjoint if T=T"

Definition 1.2.12: Let H be a Hilbert space. An operator T : H = H is called unitary if TT" =TT =L

Definition 1.2.13: A complex valued function * of a complex variable 4 is said to be holomorphic (or analytic) on a domain &
of the complex 4 —plane if * is defined and differentiable on & . That is, the derivative ?' of / defined by

R{A+AA—R(A)

R'(A) = lim .
(4) = i ai  exists forevery4A € G

Definition 1.2.14: Let@ € D (0,1) the unit disk centred at origin. Then the Blaschke factor is defined by

Z—a

B,(2)=——=
1-az
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Definition 1.2.15. A Blaschke product is an expression of the form
© —a.
B(z)=z"][-—Ba;(2)

i [a - i
! , Where ™ is non-negative integer.

Definition 1.2.16: (Young’s inequality) If @ and ? are non-negative real numbers and P and 4 are positive real numbers such

1,01

—+-=1
thats ¢ ,

aP Ba 2
ab =—+ <

Ll ¥
then » o, WhenP? =49 =2 we have * *3

. Equality occurs if and only if & =a"™*,

Definition 1.2.17: (Nevanlinna-Pick interpolation problem) In complex analysis, given initial data consisting of "

pointsﬂilﬂﬂ ----- 42 in the complex unit disc P and target data consisting of ™ points Zt%2 ...Zn in D | the Nevanlinna —Pick

interpolation problem seeks to find a holomorphic function # that interpolates the data-that is for all ¢,
pli) = z

subject to the constrain
lp() =1

Forall 4 € D.

Definition 2.0.1: The numerical range of 4 € M. is the subset W(4) © T given by

w(4) = {(ax,x): x € € ||x]| = 1}

where |. || denotes the 2-norm. Note that W(4) is the continuous image of a compact set, and is thus itself a compact set in C.
As we will show, the numerical range of a linear operator is a convex set. This is a consequence of the Toeplitz-Hausdorff
Theorem. We first review some basic properties of the numerical range.

3. Main results
In this section, we give the results of our study. We begin with the following proposition. Let © be a convex subset of the

complex plane; we assume 2 # @, 2 # C Since 2 is simply connected there exists a holomorphic bijection ¢ from 2 onto the
open unit disk

D={zeC:|zl <1}

From the Osgood-Caratheodory Theorem ¢ admits an extension which is a homeomorphism from Q2 onto D. It is convenient to
introduce the Blaschke functions

IO
T 10O eq @.1)

- oo oy o g _ .
Itis clear 2% € HT (@) N C7(0), Ioell = (0) =1, and if € 89 then [2:()] = 1.

We introduce also the set of finite Blaschke products

ﬁk(ﬂ}:{f:f{:z) =e[li_ bs (2), @€R, §EQ, j=1.,r, 0=r= k})

We use the convention f(z) =™ jfr =0g9g B 0 (}) corresponds to the constant function of modulus 1. It can be seen that this

space is independent of the choice of the isomorphism ¢ between @ and D. The following theorem is a consequence of the
Nevanlinna-Pick theory.

Theorem 3.1.0: Let 4 € % he a square matrix with (4) c 2 Then there exist a function £ € #=(22) such that

17| = i@ gng 1=y =1 Any such a function belongs to fa—1(2),
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Proof: Let {4}, / = 1. ..k be the set of the distinct eigenvalues of 4 and {"*} the corresponding multiplicities. Writing 4 in
Jordan form we can see that £ (4) only depends on 4 and the values {f (%0 Sl <n1=)=ky
From the compactness property of 7 () we deduce that there exists £ € #* () sych that 17l oy =1 and IF@ || = ¥4,

ol -

Then let 9 be the Nevanlinna—Pick interpolant of f, i.e g is the function which minimizes iMamong the solutions of

gEH=(),g"(2) =P (3)0=1<nl=j=k (327
It is known that there exists ¢ € R* such that 9/¢ € Ba-1(2): We have
¢ =gl o = 1fll o =1
and 9 is unique. But 3. 2.2 implies (4) = f(4) | therefore

P @ = 16 | = ¥ @/ 15 ey

We deduce sl (M =] and g =r-

Remark 3.1.1: We remark on some properties of the function Yo (A). _ _
a) If ¢ denotes a holomorphic isomorphism from 2to the unit disc P we have ¥ (4 =% (@A) |ndeed
(&) = 9(6(D) ith g = fod™* and clearly f and 9 have the same maximum norm.

b) If 4 = H™'TH e have f(4) = H'F(TH  thus ¥ (A =¥ (T) a5 so0n as the matrix is unitary. That allows us to restrict
our study to the case of upper triangular matrices without loss of generality.

Lemma 3.1.1: The bound ‘P'Cﬁl'{:’”depends continuously on 4 and is decreasing with respect to 2 (strictly decreasing
if Y (4 # 1) Fyrthermore

Y(A) = sup{y o (A):W(4) c n} . (3.3.3)

Proof: (a) The continuity with respect to 4 follows from the Cauchy integral representation

1§ 1A (- A)Daz

fla) - fla) =

where € is an oriented curve surrounding the spectrum of 4 (and therefore of 4” for 4* close enough to 4), we deduce that
F(A) tends to f(4) as 4" = 4 uniformly with respect to the function S bounded by 1.

b) If we have 7(4) © 2c®’  then we have

Yo (A > Pan (4).
Indeed let € Be-1(2) such that |17 | = v (@ gngl7l=@r =1 e have clearly 17 | = ¥4 gjnce 7l gy =1
and we cannot have Il 7 | = (4 except if

€ Ba-1 ()N By () je. if fis constant.

Note that this induces a continuity with respect to . Indeed, we can assume that 0 € £ without loss of generality. Then we set,
for ¥ > 0, 0 =0, and we clearly have ¥a.(4) =¥ax™*4) from part (a) ¥2-(4) continuously depend on *. If % is another
convex set close to 2 we have

_ | _ _
| v@@ —v)@ | <¥0. @ —¥0,@ Lo aco,greicy,
That implies continuity with respect to © for the Hausdorff distance.

¢) Turning now to the proof of (3.3.3), we first look at the case when the matrix 4 is normal. Then we have P4 = Yp(4) =1,

¥ 022 a(4) and the result is straight forward.
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In the other cases the interior of W (4) is not empty and we set @ = int W (4)_ |f &(4) < Qthen we have clearly ¥4} = ¥ (4)
and from the previous theorem there exist a function

f € Ba-1(®) such that I 7@ | = ¥4 Byt fz—1(Q) © €19, thus we can find a sequence of polynomials 2= which
uniformly tends to £ in 2 which proves that ¥ (4) = ¥(4) when

a(4) N80 = 0, e can find a unitary matrix U such that

A=U" U
with 4z diagonal and @(41) =@ Then it is clear that ¥{4) = ¥(41) and for all

02 o4, ¥ian(4) = ¥a(41) Therefore, the result follows from the previous case.

Now we give an explicit formula in the case of 2 % 2 matrix. In order to express it we introduce the following function.

x+1+ x-

0(x,y) = ——
y+41+y°

Proposition 3.1.3: If

Tz[% ?]
0 7

then we have

0o = max(1,0( L JETFGEE )

A, -4 * |4, =21 if AL # A2

oy [yl
¥p(T) = max (l’ 1—I.l:|) if A4 = 42

Proof: a) By continuity it is sufficient to consider the case 41 * 42. We define

. Iyl
ﬂm=mﬁ]

\,"l:l—|,l||:)l:1—|.i:|:

w0 =T

And we recall that

: d(4)  yol(Ar.42)
“ﬂz(f mi))

Where,

g _ @ d)—dld)
Py, 42) = A—A, (3.3.4)

It is easily verified that if ¢ is an automorphism of © the three quantities Yp(T),#1(T), #2(T) remain invariant if we replace
. (x—=)
¢(z) =

the matrix T by ¢(T).Indeed we have just to verify this for automorphisms of the form ¢{z) = E“'fzjw € R and (1+x2)
,x €[0.1], since such mappings ¢ generate the automorphism group of 2. Note also that ¥»(T) does not change if we
replace? by !¥! since ¥o is invariant by a unitary similarity. For all 4 and 42 € D it is possible to find an automorphism @

such that @ (A1) + @(41) =0 and #(41) € (0,1) Therefore it is sufficient to prove the proposition in the case where the matrix T
is of the form.
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[z’t 25]
T —
0 —4)ien.620 (3.3.5)

b) We now consider this case 3.3.5. A simple computation shows that I ll =&+ VA7+ 6% 31 in this situation the statement of
the theorem reads.

¥p(T) = max (1, | T|]),

1 171 =1 2 well- known von Neumann inequality asserts that ¥5(T) =1, thus we only have to consider the caseI7ll = 1.1t
is clear that ¥2(™) = IT|l (take £(2) = z in the definition of ¥ (T)). For the converse inequality we set

1 u
Lo . . H=
ﬂ = :V','l‘;io":) H = ﬂ 0 ,ﬁ .

2,
Then we have
| A 204+ BS) A 1-4
B=HlTH= =
0 -A 0 -A

This matrix satisfies | Bl =1, thus¥o(B) = 1, and consequently
Yo(T) = |[H] woB) |17,
But this quantity is the largest root of the equation

2 LEEEE o
B (3.3.6)

If we define ¥1 = V&= +4°+& then we have ¥2 = 1/%1 and by a simple computation
Blxy+xa)—p*—p*=1
We deduce that *1 and *z are the two roots of 3.6, thus I 2l I =1 =TI \which implies the proposition.

2(31 ¥

Corollary 3.1.4: If 0 31), and if # denotes a holomorphic bijection from 2 onto the unit disk 2, then

Y (T) = max (l, 3( Iyl [ATARDA-TA } ),

[P I |4, =45l if 41 = A2

and

—— Iyl
Ya(T) = max (l’ 1—|,1:|) if A= 42

Proof: From remark 3.1.1(a) we have YT = (all) e apply the previous proposition and use formula 3.3.4.

Now we consider Bound for 3*3 matrices. We begin with the following classification concerning the numerical range of a
3 % 3 matrix 4 based on factorability of L4, given by Kippenhahn.

Case 1: La factors into three linear factors. Then C(4) consists of three (not necessarily distinct) points. 4 is normal (and
therefore reducible), and W (4) is the convex hull of its eigenvalues.

Case 2: Lafactors into a linear factor and a quadratic factor. Then C(4) consists of a point4o (the eigenvalue of 4
corresponding to the linear factor) and an ellipse £.The numerical range is either an ellipse (if 4o lies inside £) or a "cone like"
figure otherwise; in the latter case 4 is reducible (but not normal).

189


http://www.multiresearchjournal.com/

International Journal of Advanced Multidisciplinary Research and Studies www.multiresearchjournal.com

Case 3: La is irreducible and the degree of € (4 Jequals 4. Then € {4 Jhas a double tangent and the boundary of W (4)contain one
flat portion but no angular points.

Case 4: La is irreducible and the degree of €{4)equals 6. Then C(4 Jconsists of two parts one inside another; an outer part
(and therefore W(4)) has an ovular shape.
We consider case 2 of the Kippenhahn classification in which W(4) js an ellipse.The following results are known.

Theorem 3.2.1: Let A be an ™ X matrix with eigen values and suppose that its associated curve {4 Jconsists of ¥ ellipses,
with minor axes of lengths 51, 1. 52, .5k ;and 7 — 2K points. Then

ko5t =tr(at4) =Tk 4,12 (3.2.1)

For m =3 conditions of theorem 3.2.1 are satisfied for €(4) being an ellipse and a point and in this case equation 3.2.1 takes
the form

s = (er(44) — 147 = 1,12~ 1251372 (32.2)

Proof: Relabel the eigenvalues of A'in such a way that #2i-1 42 become the foci of the " ellipse (i =1, -.k) and the remaining
points of €{4). Along with A, consider the matrix

(5 2l 2
0 A4) L0 A4

Since C(A4)=C(B),the polynomials LaandLz have to be the same. Compute now the coefficients of " > of these

Ay 5
@ [ "0 1 ‘;{q ] ﬂa diﬂg[ﬂ:k+l,.-” l:l;q]

e

- - . . . . . A= i ;f! ey =
polynomials. When doing that, due to unitary invariance of L4, we may without loss of generality suppose that [a }]w—l is
in upper —triangular form. The coefficient of w"* in La equals the sum of all 2 % 2 principal minors of uf + VK that i,

i 1 . 2
[(,u‘)laﬁ + v3a,)(uRa;; + v3a;) — E{_u- +v3)|ay) ]

lzi<j=n

- Z [(juaui + 032 (uRA; +v3;) —%(juf ¥ L=:)|ai_,-|:}

lai<j=n

Appling this formula to & (which already is in upper triangular form) we obtain

n
: 1., 5 5
(WA, + v3)(uRA; +v34;) -7 @+ L")Z|S=-|'
i=1

l=2i<j=n

Since La=Lz, it follows from here that
Talsil? = Baci <jenlag] =Zij=ala;]” — Tkilagl? = tr(4c4) - PR

Note that in setting of Theorem 3.2.1 all the respective coefficients of La and Lz are equal. In particular, equating the
coefficients of 4™ v" yields

detH =TI, (‘-"H:i—l‘:‘uze - % 5:':) [T +a (902:)

(3.2.3)
det = H;{Zl (34‘1:5_133:5 —§5§:)H;:=:k+1(:3115).
If =3 and 4 is in upper triangular of the form
a x y
A= 0 b =
0 0 ¢
(3.2.4)
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Condition 3.2.3 can be rewritten as [x1*%c + [¥*91b + |zI*Ra — Rxiz) = 52945,
lx1*Jc + |¥I*3b + |z1°Ta — 3(x¥z) =533, or simply
lx12c + I¥12b + |z1%a — (x¥z) = 5225 (3.2.5)
Due to equation 3.2.2,
——

5=/ |x[* + 1yl* + |z]2 (3.2.6)

Hence the conditions 3.2.5, 3.2.6 are necessary for matrices 3.2.4 and

A

0
0 0
0

=

A
to have the same associated curves. Therefore, the following criterion holds.

Theorem 3.2.2: Let 4 be in upper triangular form 3.2.4. Then its associated curve €(4) consists of an ellipse (possibly
degenerating to a disk) and a point iff

1.d =+ Iyl2 + 1212 > 0 gng
2. The number 4 = (IxI*e + |¥I*b + |z[*a — (x¥2))/d coincides with at least one of the eigenvalues @ .¢.

If these conditions are satisfied, then €{4) is the union of 4 with the ellipse having its foci at two other eigenvalues of 4 and
minor axis of length s = Vd,

Theorem 3.2.3: Let A be a 3 %3 matrix with the eigenvalues®, 7 =123, Then W (4) is an ellipse iff conditions 1,2 of
theorem 3.2.2 hold and in addition,

3.04 — 43l + 142 = 231> =14, — 221* = @ where the eigenvalue coinciding with 4 is labeled 4 .
Proof: Conditions 1, 2 are equivalent to €{4) being a union of the ellipse (with foci at 41,42 and minor axis of length) and the
point4z .Condition 3 means that lies inside. According to Kippenhahn’s classification, this is the only case when W(4) is an

ellipse.

Proposition 3.2.4:

Y
Il

[T o T
L T
1y et

c
Let satisfying conditions of theorems 3.2.2 and 3.2.3. then we have

Yp(4) = max (lJ 6( va [ATARa-TaE ] )

[A=2.] " 14, =2, if 4 7 42
_ mex (o LR SEREIEED ) 2% 22
And
Ypl(d) = max (l, #ﬁl), if Ay = A
. (l’W) if A1 = A2
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4. Conclusion

In this paper, we have obtained an explicit formula for the bound ¥5(4) where A is a 3 % 3 matrix with elliptical numerical
range. This has been done by reducing it to the case of 2*2 matrices whose numerical range is elliptical. These results can be
used to obtain bounds for matrices with Jordan canonical representation and upper triangular matrices. This applies strictly to
functions of 3 * 3 matrices which include a wide variety of functions arising in Mathematical Physics, numerical analysis,
network science etc.
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