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Abstract

We study a system of coupled Kortewegde Vries equations
that model the propagation of shallow water waves, ion-
acoustic waves in plasmas, solitons, and nonlinear
perturbations along internal surfaces between layers of
different densities in stratified fluids, for example
propagation of solitons of long internal waves in oceans.
Other applications of this kind of equations have been to
model shock wave formation, turbulence, boundary layer

behavior, and mass transport. The method presented is Lie
group analysis. We first obtain Lie point symmetries and use
them to carry out symmetry reductions and the resulting
systems investigated for solutions. Traveling waves are
constructed by use of a linear combination of time and space
translation symmetries.
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Introduction

The dynamics of shallow-water waves, ion-acoustic waves in plasmas, and long internal waves in oceans can be described by
coupled KdV equations. The equations are derived from the classical kdv equation. This section extends the previous study of
kdV equations to that of a coupled nonlinear system. From the Kortweg-de Vries equation

Ht + aHHx + ﬁHxxx = 0,
for o and g as constants, we let

H(t, X) = u(t, X) + iv(t, x),

)

O]

where i% = -1. Then substituting (2) into (1) and separating the real and imaginary parts, we obtain

A1 = U + oy — avvx + Buxx = 0,

Az = Ve + auvy + avuy + s = 0,

®)
(4)

which is a nonlinear system of coupled KdV equations. We perform Lie symmetry analysis on (3), that is , we obtain Lie point
symmetries, invariant solutions and conservation laws of (3). This paper uses Lie group analysis method to construct exact
solutions and conservation laws for a nonlinear coupled kdV system (3).

Preliminaries

In this section, we outline preliminary concepts which are useful in the sequel.

Local Lie groups. B! In Euclidean spaces R" of x = x' independent variables and R™ of u = u® dependent variables, we consider

the transformations
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T X = gi(X, u% €), U *= X\, us, o), (5)

involving the continuous parameter € which ranges from a neighbourhood N' € N < R of € = 0 where the functions ¢' and y*
differentiable and analytic in the parameter ¢

Definition 0.1. The set of transformations given by (5) is a local Lie group if it holds true that

1. (Closure) Given T, To € G, for e1, 2 € N’ c N, then
Ta T =Ta€ G, 63 = ¢(e1, 2) € N.

2. (ldentity) There exists a unique To€ G if and only if € = 0 such that T.To = ToT, = T..

3. (Inverse) There exists a unique T.—1 € G for every transformation T, € G,
WhereceN’'cN  and € € N such that
Tfo—]_ = Te*l Te = TO-

Remark 0.2. Associativity of the group G in (5) follows from (1).
Prolongations. In the system,

Ag X1 U, U, - -+, Um) = Ag = 0, (6)

the variables u“ are dependent. The partial derivatives ug) = {ui’}, ue = {u*}, . . ., Uw = {u”ir.ix}, are of the first, second, . . .,
up to the xth-orders.

Denoting
J 0 L 0
D; = 5 T u;‘? - u‘,-‘,-,)—n -
dat du - du; (7)
the total differentiation operator with respect to the variables x' and 6y, the Kronecker delta, we have
DZ(IJ) = (51'77 /, TL? = Di(u°)7 TL% = Dj(Di<Ua))7 ceey (8)
where ui* defined in (8) are differential variables [,
(1) Prolonged groups Consider the local Lie group G given by the transformations
T = p'(z*,u*e), ¢ =/3% Tr=yY%(2' 4% e, P°* = u?,
=0 e=0
where the symbol means evaluated on € = 0.
)

Definition 0.3. The construction of the group ¢ given by (9) is an equivalence of the computation of infinitesimal
transformation

S A G T

e=0

i~ u® +n(at u)e,

=0 (10)

obtained from (5) by a Taylor series expansion of ¢'(x/, u% €) and (X, u® ¢) in € about € = 0 and keeping only the terms linear
in ¢, where

o At (xt, u e wr i e OU(zhu e
ih,um) = TN i, ey - 000

Oe e=0 Oe 5:0. (11)

Remark 0.4. The symbol of infinitesimal transformations, X, is used to write (10) as
X T2 (1+ X)X, u %= (1 + X)ue, (12)
where
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X = €i(at,ut) 2

oue’ (13)
is the generator of the group G given by (9).

Remark 0.5. To obtain transformed derivatives from (5), we use a change of variable formulae

(14)
where D7 j is the total differentiation in the variables X '. This means that
u = Di(u®), wy = Dj(u;’) = Di(ug) (15)
If we apply the change of variable formula given in (14) on G given by (9), we get
Di(y®) = Di(’), D;(a”) = a5 Di(') (16)
Expansion of (16) yields
(% + u;%) ﬂf = %Qf: + uiﬁ gﬁ: -
The variables ~u % can be written as functions of X', u*, u(1), that is
= (a! u ugy e, B =
=0 (18)

Definition 0.6. The transformations in the space of the vari- ables x', u, uq, given in (9) and (18) form the first prolongation
group G

Definition 0.7. Infinitesimal transformation of the first derivatives is
uf = ul + (%, where ("= (@t u uny,e) (19)
Remark 0.8. In terms of infinitesimal transformations, the first prolongation group ¢ is given by (10) and (19).

(2) Prolonged generators
Definition 0.9. By using the relation given in (16) on the first prolongation group ¢ given by Definition 0.6, we obtain !

Di(#? + & e)(uf + (fe) = Di(u® +1%€),  which gives (20)

u' + et uleD;e =uf + D, (21)
and thus

¢ =Di(n*) — u§ Di(&), (22)

is the first prolongation formula.

Remark 0.10. Similarly, we get higher order prolongations [,
G5 = D¢ =Dy, s G = DilC i) Wi D) 23)

Remark 0.11. The prolonged generators of the prolongations g, . . ., ¢ of the group G are
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J

’ a’
ou

,,,,, 'GP Gl e 9 k>,

...........

X = x4 5
i (24)

where X is the group generator given by (13).
Group invariants.

Definition 0.12. A function ['(x', u*) is called an invariant of the group g of transformations given by (5) if

&, ) =2 u®) (25)

Theorem 0.13. A function ['(x', u”) is an invariant of the group ¢ given by (5) if and only if it solves the following first-order
linear PDE: [
i 0 .« ar af T £ _
Xsz(x:u)axian(I,u )0710(70 (26)
From Theorem (0.13), we have the following result.

Theorem 0.14. The local Lie group ¢ of transformations in R" given by (5) ] has precisely n — 1 functionally independent
invariants. One can take, as the basic invariants, the left-hand sides of the first integrals

’L/)l(-ri-,uﬂ) :Cla"'sq/‘)nfl(‘ri-,uﬂ) = Cn—1; (27)
Of the characteristic equations for (26):
dz? R
glal,u) ~ (el u) (28)

Symmetry groups.

Definition 0.15. The vector field X (13) is a Lie point symmetry of the PDE system (6) if the determining equations

x| A,

Au=0 - ) ) - (29)

are satisfied, where means evaluated on A, = 0 and X is the n-th prolongation of X.

o=

Definition 0.16. The Lie group G is a symmetry group of the PDE system given in (6) if the PDE system (6) is form-invariant,
that is

A, (I (TR TICO “(7\')) =0 (30)
Theorem 0.17. Given the infinitesimal transformations in (9), the Lie group G in (5) is found by integrating the Lie equations

(jf: =&zt ay), o T 2, d:%: =%z, u®), a” T u® (31)
Lie algebras.
Definition 0.18. A vector space Vr of operators ¥ X (13) is a Lie algebra if for any two operators, Xi, Xj € Vr, their commutator

[Xi, X;] = XiX; = X;X5, (32)

isinV foralli,j=1,...,r.
Remark 0.19. The commutator satisfies the properties of bilinearity, skew symmetry and the Jacobi identity [,

Theorem 0.20. The set of solutions of the determining equation given by (29) forms a Lie algebra [,
[21]

Exact solutions. The methods of (G’/G)-expansion method, Extended Jacobi elliptic function expansion 2 and Kudryashov 2!
are usually applied after symmetry reductions.

Conservation laws. [19
Fundamental operators. Let a system of wth-order PDEs be given by (6).
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Definition 0.21. The Euler-Lagrange operator 6/6u® is

ou®  Ju™ = gy, 4. (33)

and the Lie- B acklund operator in abbreviated form & is

0 + “iJr
ozt 7 Py T (34)

X=¢

Remark 0.22. The Lie- B"acklund operator (34) in its prolonged form is

] 3] 0
4\’ = ‘_. ne I a— L' i b
Yo T et ZI(‘ s,
= : (35)

Where

G = D;(W*) + EJU?J': e Czln = Dy, (W) + ‘fjug‘yilu.i,@ j=1...,n (36)
and the Lie characteristic function is

W =n* —¢uf (37)

Remark 0.23. The characteristic form of Lie- B acklund operator (35) is

0

X =¢D; + Wf‘i + Dmu(Wo‘)a -
Witig. i (38)

ou™

Remark 0.24. Noether’s Theorem is applicable to systems from variational problems
The method of multipliers.

Definition 0.25. A function A% (x', u% uqy, . . .) = A% is a multiplier of the PDE system given by (6) if it satisfies the condition
that (171

A*A, = Di-Ti, (39)
where DiT' is a divergence expression

Definition 0.26. To find the multipliers A% one solves the determining equations (40) %,

)
—(A"A,) =0
Jue ( ) (40)

Ibragimov’s conservation theorem. The technique *%! enables one to construct conserved vectors associated with each Lie point
symmetry of the PDE system given by (6).

Definition 0.27. The adjoint equations of the system given by (6) are

0

3
gun (U 28) =0, (41)

Al (.'r", ut v, U, ‘H(W)) =
where v® is the new dependent variable.
Definition 0.28. Formal Lagrangian £ of the system (6) and its adjoint equations (41) is '

L=v"Na (2" u”, ULy s Uim)) (42)

Theorem 0.29. Every infinitesimal symmetry X of the system given by (6) leads to conservation laws ['%

DiTi = O,
Aa=o (43)


http://www.multiresearchjournal.com/

International Journal of Advanced Multidisciplinary Research and Studies www.multiresearchjournal.com

where the conserved vector

Ti —_ §Z£'+ we +

oL oL oL
o | OL oL oc
D;(W*) {873 - Dy (—8u§;k> o B

ijk

+ DjDk-(Wa) |:

(44)

Main results
An illustrative example with a simple kdV equation can be found in . We now present our results in this section.

Nonlinear Coupled Korteweg-de Vries (KdV) Equations.
Lie point symmetries and solutions of the nonlinear coupled KdV Equations (3). The infinitesimal transformations of the Lie
group with parameter € are

t=t+&@,z,uv)e, T=a+Etx,uv)ke,
u=u+n"t z,u,v)e, v=uv+n"(t z,u, v (45)

The vector field

O O N B
X =&, x, u,L)atJrf (t, z,u, v)ax+n (t,z,u,t)aqun (t,z,u,@)av, (46)
is a Lie point symmetry of (3) if

XEIA, =0, XBPlA, =0
A1=0, Az=0 A1=0, A2=0 (47)

Expanding (47) and and splitting on derivatives of v and u, we have an overdetermined system of ten PDEs, namely,
512:0 55:0* g:tr:() 65:0 E'LI):O Eft:()
£ =0, 3¢ —¢& =0,
3N + 26 =0, 3an* + 2alu — 3¢° = 0. (48)
Solving the system (48) yields
£ = Ay + 345, (49)

§" = A2z + Azt + Ay, " = —2Au+ Az, n¥ = —2450, (50)

for arbitrary constants Al, A2, A3, A4. Hence from (49), the infinites imal symmetries of the coupled KdV Equations (3) is a
Lie algebra generated by the vector fields

9 o 0 0

Xlza? X2:£7 ngaia*‘r%s (51)
B 0 o] 0

Xy = 3t§ e - 2u£ - 20% (52)

0.0.1. Commutator table. The set of all infinitesimal symmetries of coupled KdV equations forms a Lie algebra and yield the
following commutation relations in Table 1.

Table 1: Commutation relations

[Xi, Xj] X1 X2 X3 X4
X1 0 0 oX2 3X1
X2 0 0 0 X2
X3 -aX2 0 0 -2X3
Xa -3X1 -X2 2X3 0

A commutator table for the Lie algebra generated by the symmetries of coupled KdV equation
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0.0.2. Local Lie groups. The following Lie groups, for i =1, 2, 3, 4, are obtained

T, :t=t+e, =z t=u, 1="0, (53)
T,:t=t, T=x+¢, u=u, 0="1, (54)
T.,:t=t T=x+aet, t=u-+te V=0, (55)

—2€4 2e4

T, :t=1te*", T=wc™, 4 =ue >, 0=uve"

(56)
Symmetry reductions of the coupled KdV Equations (3). The symme tries obtained yield the following symmetry reductions.
(i) The time translation symmetry

d

X, — —
! ot (57)

Solving the characteristic equations

dt _ dx _ du  dv

1 ¢ 0 0 (58)
associated to the operator X1 gives the invariants

Ji=z, Jh=u J3=v (59)
Hence, we have

u=y(z), v=21(), (60)

for arbitrary functions ¢ and . Substituting the expressions for u and v given by (60) into the system (3), we get a system of
third order ordinary DEs namely,

a lp(@)¢/(x) — b@W (@)] + 8" (x) = 0, a (p@)p(@)) + 8" () = 0 (61)

Integration of the system (??)-(61) yields;

3 (@) = 0@ + 8¢ () = O, (62

alp(@)(z)] + B¢ (z) = C, (63)
for arbitrary constants C1 and C2. If we take

C1=C2=0, (64)
the system (62)-(63) becomes

5 [e(@)? = w(@)?] + 8¢ (x) = 0, (©5)

alp(@)y(z)] + pY(z) = 0 (66)

To find more solutions of the system (65)-(66), we determine its Lie point symmetries. Using the Lie’s algorithm for
computing point symmetries, we see that the Lie point symmetries of (65)- (66) are

0 o 9 0
Xi=—=—, Xf=n——2p— —2p—
o T o ap ow 67)
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Proceeding as above, we see that the symmetry X~ ; yields the trivial solution

u=0,v=0
The second symmetry X* , has the characteristic equations

dx dg dy

20 =2

which provides the invariants
Jy=x%p, Jy = 2%
Letting

A It
5 V= —,

T

©

substituting the values of ¢ and y into (65)-(66) and solving the resulting equations yield.

(a) Case one. Taking

w=>0
gives
A=0
or
No 128
@)
When

A=0, and p=0,

we also get the trivial solution (68). One can easily see that if

1283
A= f—‘z, and p =0,
o
then
12
= 7_[21 1/) - 07
or

which is a solution of the system (65)-(66). Hence

12
wy(t,z) = fa—gg, v (t,z) =0,

is a solution of the coupled KdV system (3).

(b) Case two. Taking

65
A=y
gives
63
/L:iﬁ,
o

with i 2 = —1. Consequently,

63 6i6
us(t, z) = ot va(t, ) = et

and

www.multiresearchjournal.com

(68)

(69)

(70)

(71)

(72)

(73)

(74)

(75)

(76)

(77)

(78)

(79)

(80)

(81)
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6/
ug(t,x) = 7(;1‘2. vy(t,x) =

 6ip
ax?’ (82)

are solutions of the coupled KdV system (3). Hence Lie group analysis has given us three steady-state solutions for the coupled
KdV system (3) under the time translation symmetry X1 = o/ot.

(ii) The space translation symmetry
3]

Xy = o
27 or (83)

Solving the characteristic equations

0 1 0 0’ (84)
associated to X2 gives the invariants

J=t ,h=u Js5=v (85)
Therefore, the group-invariant solution is

u=o(t), v="ht) (86)

for arbitrary functions h and ¢. Substitution of the solutions from (86) into (3), we get a system of first order ordinary DEs,
namely,

¢'(t) =0, h(t)=0,

(87)
which is integrated once with respect to t to yield
o(t) = C1, h(t) = Cs, (88)
for arbitrary constants C; and C,. Consequently, the space translation group-invariant solution of the system (3) is
u(t,z) = Ch, v(t,z) =Cy (89)
(iii) The Galilean boost symmetry
xomal 2 -
Solving the characteristic equations
dt_dr_du_dv
0 at 1 0’ (91)
associated to Galilean boost gives the invariants
Ji=t, Ja—wv, Jy— —ut ) t40
ot (92)
Thus the invariant solution of (3) is
W= —g(t), v=f(t), t£0, )

for arbitrary functions f and g. Substitution of the values of u and v from (93) into the System (3), we get a nonlinear system of
coupled first order ordinary DEs, namely,

tg'(t) +g(t) =0, tf'(t) + f(t) =0, (94)
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whose solutions are

G

o) =y = (95)

for arbitrary constants C; and C,. Hence the Galilean boost group-invariant solution of the system (3) is

u(t,x) = m;_tA, v(t,z) = % (96)
where A =—aC; and t~ 0.
(iv) The scaling

Xy = 3t% + 1‘% — QUa% — 21}% 97)
By solving of the characteristic equations

db_de du dv

3t =z 2u 20’ (98)
associated to this symmetry, we obtain the invariants

J = "'3, Jy = ua?,  Jy = va’ (99)
Generally, the group-invariant solution pair is

ult, z) = jE:\) o(t,z) = q%\) where A — IT‘ (100)
and the functions f and g satisfy the system of third order nonlinear coupled ordinary DEs

20(g° — f2) = NS + 3 f — g9') + B(—=24f + 24\ f' + 2703 f) =0, (101)

—dafg—Ng' +3aA(fg) + B(—24g + 24Xg" + 27T\°¢") =0 (102)
(v) Linear combination of time and space translations

X=X, +cXu (103)
We consider a symmetry X, which is a linear combination of the time and space translations symmetries, that is,

X = 9 + (’3

o Oz (104)

for a constant c. The invariants associated to this symmetry X are

Jh=x—ct, Jo=u, J3=v (105)
Hence, the invariant solution for the symmetry X is

u=f(r—ct), v=glz—ct), (106)

for arbitrary functions f and g. Substitution of u and v from (106) into the system (3) yields a system of nonlinear third order
ordinary DEs, namely

—cf'(€) +a{fO)F'(€) - 9(E)d'(©)} + BF"(€) = 0, (107)
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—cg'(§) +a(f()g(€)) + Bg"(§) =0, (108)

which on integrating once with respect to & yields

1 2 _ 2 1" _
—cf +50(f* =) + B1" + C1 = 0, (109)

for arbitrary constants C; and Co.
—cg+afg+ Bg"+Cy =0, (110)

Remark 0.30. If we take the constants C; = C, = 0, then when the wave velocity ¢ = 0, we can recover the stationary solutions
given in (i).

Remark 0.31. Traveling wave solutions of the system (3) must satisfy the system (109).

Conclusion

In this paper, Lie group analysis was employed in studying a nonlinear coupled kdV system. A four-dimensional Lie algebra of
symmetries was found for the nonlinear coupled system KdV equations. This was spanned by space and time translations,
Galilean boost and scaling symmetries where the scaling symmetry acts on four variables. Associated to each symmetry, we
obtained symmetry reductions that gave six nontrivial solutions for the coupled system. All the group-invariant solutions
describe the various states of the system. The obtained solutions can be used as a benchmark against numerical simulations. In
future, we will construct conservation laws use them to obtain exact solutions.
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