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Abstract 

The hyperbola represented by the binary quadratic equation 

 is analyzed for finding its non-zero 

distinct integer solutions. A few interesting relations among 

its solutions are presented. Also, knowing an integral 

solution of the given hyperbola, integer solutions for other 

choices of hyperbolas and parabolas are presented. 
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1. Introduction 

The binary quadratic Diophantine equations of the form  are rich in variety and have been 

analyzed by many mathematicians for their respective integer solutions for particular values of   and . In this context, one 

may refer [1-12]. 

This communication concerns with the problem of obtaining non-zero distinct integer solutions to the binary quadratic 

equation given by   representing hyperbola. A few interesting relations among its solutions are presented. 

Knowing an integral solution of the given hyperbola, integer solutions for other choices of hyperbolas and parabolas are 

presented.  

 

2. Method of analysis 

The hyperbola represented by the non-homogeneous quadratic equation under consideration is 

 

 (1)                                 

 

Introduction of the linear transformations 

 

  (2)                                                                       

 

in (1) leads to 

 

  (3) 

 

The smallest positive integer solution for (3) is  
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To find the other solutions to (3), consider the corresponding pell equation given by 

 

      (4) 

 

whose general solution  is 

  

  

  

  

Where, 

 

   

  

 

➢ Employing the lemma of Brahmagupta between the solutions,   the general solution   to (3) 

is given by 

 

  

 
  

  

 

where n= -2, -1, 0, 1,…… 

In view of (2), the general solution   to (1) is given by 

 

      

 
 

  

 
 

The recurrence relation satisfied by x and y are given by 

 

 

 
 

A few numerical solutions to (1) are presented in table below: 

 
Table 1: Numerical solutions 

 

n   
-2 27 -42 

-1 9 12 

0 315 498 

1 11961 18912 

2 454203 718158 

3 17247753 27271092 

  

From the above table, we observe some interesting relations among the solutions which are presented below:          

1) are always even and are always odd. 

 

2)   Each of the following expressions is a nasty number 
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3. Remarkable observations 

1). Employing linear combinations among the solution of (1), one may generate integer solutions for other choices of 

hyperbola which are presented in the table below: 

 
Table 2: Observations 

 

S.NO Hyperbola x, y 

1.  
 

 

2.  
 

 

3.  
 

 

4.  
 

 

5.  
 

 

6.  
 

 

7.  
 

 

8.  
 

 

9.  
 

 

10.  
 

 

11.  
 

 

12.  
 

 

13.  
 

 

14.  
 

 

15.  
 

 
 

2). Employing linear combinations among the solution of (1), one may generate integer solutions for other choices of parabola 

which are presented in the table below: 

 
Table 3: Observations 

 

S. No Parabola x, y 

1.  
 

 

2.  
 

 

3.  
 

 

4.  
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5.  
 

 

6.  
 

 

7.  
 

 

8.  
 

 

9.  
 

 

10.  
 

 

11.  
 

 

12.  
 

 

13.  
 

 

14.  
 

 

15.  
 

 
 

4. Conclusion 

In this paper, we have made an attempt to obtain all integer solutions through a single process.  To conclude, one may search 

for the equations for which the above method is applicable. 
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