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Abstract

We study a special simple "kdv type’ equation by Lie group obtained are a linear span of time and space translation
analysis. The obtained Lie point symmetries are used to symmetries. The multiplier technique has been employed in
carry out symmetry reductions and the resulting reduced the construction of conserved vectors for KdV equation.
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1. Introduction

A Scottish mathematician, John Scott Russell 2! is credited for being the first to work in solitary waves in 1844. Russell
observed water waves, set in motion by a boat drawn in Edinburg-Glasgow canal, that maintained shape and structure. He also
conducted experiments, which culminated to the discovery of solitons-localized, highly stable waves whose shape and speed
are invariant with time. In 1895, Diederik Johannes Korteweg (1848-1941) alongside his PhD student, Gustav de Vries
analytically derived the non-linear partial differential equation, present day Korteweg-de Vries equation. However, a
prominent French mathematician Joseph Valentin Boussinesq (1842- 1929) had earlier introduced the Korteweg-de Vries
equation in 1877 in his work on water waves prior to this development. This elegant equation models the disturbance of the
surface of shallow water in the presence of solitary waves. The aforementioned equation in a simple form is given by

uy + autty + Uppe =0 (11)

and combines non-linearity term uux which localizes the wave and linear dispersion term uyx which spreads it out. Note that
u(x, t) denotes the elongation of the wave at place x and time t. The KdV equation shows up in a wide range of physics
phenomena, especially those exhibiting shock waves, traveling waves and solitons. In the area of quantum mechanics, some
theoretical physics phenomena are explained by means of a Korteweg-de Vries equation model. Some of the numerous
applications are in aerodynamics, fluid dynamics, and continuum mechanics as a model for shock wave formation, solitons,
turbulence, boundary layer behaviour and mass transport. Indeed, Korteweg-de Vries equation is ubiquitous and very
important in the theory of integrable systems given that it is known to possess an infinite number of conservation laws and
gives rise to multiple-soliton solutions. Observe that through scaling, we associate any equation of the form

out + Buuy + yuxxx = 0, (1.2)
to be of “KdV type”. The form of Korteweg-de Vries equation used for this manuscript is

A = Ut + BUUy + Uyx = 0, (1.3)
for which the 6 factor is just conventional and of no great significance. This is a special case inwhicha=1,f=6andy=1

2. Preliminaries
In this section, we outline preliminary concepts which are useful in the sequel.
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Local Lie groups _
In Euclidean spaces R" of x = x' independent variables and R™ of u = u* dependent variables, we consider the transformations [']

T. : = ;’{.i‘i, u®e), u®= r,:.‘”(.ri. u ), (21)

involving the continuous parameter ¢ which ranges from a neighbourhood A" cA c®efc=0 where the functions ¢' and y*
differentiable and analytic in the parameter .

Definition 2.1: The set & of transformations given by (2.1) is a local Lie group if it holds true that
1. (Closure) Given T, Tz € G, for €1, 2 € NJ c N, then

TaTe=Ts € G, 3= ¢(c1, 2) EN.

(Identity) There exists a unique To € & if and only if € = 0 such that T,To = ToT. = T.

(Inverse) There exists a unique Te—1 € & for every transformation T, € &,

whereceNJc NandeleN
such that T.Te—1=Te—1T.=To.

Remark 2.2: Associativity of the group & in (2.1) follows from (1).

Prolongations
In the system,

A, (T‘ u, Uy, - - 31;(,‘_)) =A, =0, 2.2)

the variables u* are dependent. The partial derivatives u(1) = {u“}, u(2) = {u*}, ..., u(z) = {u%..i}, are of the first, second, . .
., up to the nth-orders.

Denoting
d

( d I3]
D; = 4 u® + u +...,
AP oo o L] 9,0 '

dx du ()u‘;, (23)

the total differentiation operator with respect to the variables x' and %, the Kronecker delta, we have

Di(z") = (5: Luf = Di(u®), uf = Dy(Di(u), ..., (2 4)

where u* defined in (2.4) are differential variables lbragimov [,

1. Prolonged groups Consider the local Lie group & given by the transformations

fiZQL(IL.?t("‘F), :FL

Mo = 2.5)

where the symbol le=0 means evaluated on ¢ = 0.

Definition 2.3: The construction of the group & given by (2.5) is an equivalence of the computation of infinitesimal
transformations

Frr 4 ue ¢ )

e ut (" u)e, Y

- (2.6)

obtained from (2.1) by a Taylor series expansion of ¢/(x!, u®, €) and y/(X, u® ¢) in € about € = 0 and keeping only the terms
linear in €, where

et (2t ue,e)

e

. At 4o
"(\(Iq‘un): di‘_ ("T s u :6-)

ot u”) = o’ Oe Ln' (2.7)

Remark 2.4: The symbol of infinitesimal transformations, X, is used to write (2.6) as

10
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o (1+X)2, a1+ X, (28)

Where

X =gz, u“]% Lol )

du (2.9)
is the generator of the group & given by (2.5).
Remark 2.5: To obtain transformed derivatives from (2.1), we use a change of variable formulae

D, = D,(") Dy, (2.10)
where - is the total differentiation in the variables #'. This means that

@ = Di(a®), af; = D;(af') = Di(a$). (2.11)

If we apply the change of variable formula given in (2.10) on & given by (2.5), we get

Di(6™) = D), Dj(a®) = @ Di()

(2.12)
Expansion of (2.12) yields
opf | g0\ 50U 50U°
(6:131' + Uy 31:*3) Ly = P + U G (2.13)
The variables u~* can be written as functions of x/, u%, u(1), that is
ad = (2, u®, uy,€). P = uf
( 1)) =0 (2.14)

Definition 2.6: The transformations in the space of the variables x', u% uq) given in (2.5) and (2.14) form the first prolongation
group & [1].

Definition 2.7: Infinitesimal transformation of the first derivatives is
uf ol 4 (e, where (= (P2t ug.€) (2.15)

Remark 2.8: In terms of infinitesimal transformations, the first prolongation group & ™M is given by (2.6) and (2.15).

2. Prolonged generators
Definition 2.9: By using the relation given in (2.12) on the first prolongation group & ™ given by Definition 2.6, we obtain []

Di(x? + & e)(uf + (f'e) = Di(u® +n%), which gives

(2.16)
uf + (e +uleDE = uf + D, (2.17)
and thus
¢ =Di(n") — uDi(&7), (2.18)
is the first prolongation formula.
Remark 2.10: Similarly, we get higher order prolongations 4,
6= Di(¢) —ui D€ oy G = Diclh i)~ Ui i (€) (219)

Remark 2.11: The prolonged generators of the prolongations G, . . ., G of the group & are
11
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Xl e 0 s
ul Gl i (2.20)

where X is the group generator given by (2.9).

Group invariants
Definition 2.12: A function T'(x!, u“) is called an invariant of the group & of transformations given by (2.1) if

(@, a®) = Tz, u®) (2.21)

Theorem 2.13: A function I'(x', u®) is an invariant of the group & given by (2.1) if and only if it solves the following first-order
linear PDE" [}

+ (2 u™) or =0

L e ar
XT = g(z, u®) oo (2.22)

dat

From Theorem (2.13), we have the following result.

Theorem 2.14: The local Lie group & of transformations in Rn given by (2.1) [*4 has precisely n - 1 functionally independent
invariants. One can take, as the basic invariants, the left-hand sides of the first integrals

Ui(z' u) =cp,..., Y1 (z',u”) = en_1, (2_23)

of the characteristic equations for (2.22):

daz’ _ du®
¢zt un)  pr(ai,ue) (2.24)
Symmetry groups

Definition 2.15: The vector field X (2.9) is a Lie point symmetry of the PDE system (2.2) if the determining equations

XA a=1,...,m, w>1,

o =0, .
Aa=0 (2.25)
are satisfied, where laueo means evaluated on A, = 0 and X is the z-th prolongation of X.

Definition 2.16. The Lie group & is a symmetry group of the PDE system given in (2.2) if the PDE system (2.2) is form-
invariant, that is

FAVS (f?’,ﬁa:ﬁ“), . _._'u[,,)) =0 (226)

Theorem 2.17: Given the infinitesimal transformations in (2.5), the Lie group &in (2.1) is found by integrating the Lie
equations

dz’ i ; G i _

— =&z uY), | =2, —=n"="u"), u| =u"

de e=0 de e=0 (227)
Lie algebras

Definition 2.18. A vector space V. of operators [l X (2.9) is a Lie algebra if for any two opera- tors, Xi, X; € Vi, their
commutator

[X:, Xj] = XX — XX, (2.28)

isinV foralli,j=1,...,r.
Remark 2.19: The commutator satisfies the properties of bilinearity, skew symmetry and the Jacobi identity "1,

Theorem 2.20: The set of solutions of the determining equation given by (2.25) forms a Lie algebra "1,

12
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Conservation laws [*9
Fundamental operators
Let a system of zth-order PDEs be given by (2.2).

Definition 2.21: The Euler-Lagrange operator 6/0u” is

4 a - a
du® B du - Z(_J} Dy, ... DihT
= i (2.29)

and the Lie- Ba cklund operator in abbreviated form [l is

00
drt !

X=¢ —+....
du (2.30)

Remark 2.22: The Lie- Ba cklund operator (2.30) in its prolonged form is

;0 o 0 - 0
X=¢ e +n du” * g St ix uf, '
K>l 1E2eetn (231)
Where
= Di(We) + &uf, (i = Diy W)+ L j=1,....n 232)

and the Lie characteristic function is

We =52 — &g (2:33)
Remark 2.23: The characteristic form of Lie- Backlund operator (2.31) is

o 0

X =D+ W —+ D i (W)
du oug i (2.34)

Remark 2.24: Noether’s Theorem is applicable to systems from variational problems
The method of multipliers
Definition 2.25: A function A* x|, u®, u(1), . . . = A% is a multiplier of the PDE system given by (2.2) if it satisfies the
condition that (281
A®A, = DT, (2.35)

where DiT' is a divergence expression.

Definition 2.26: To find the multipliers A% one solves the determining equations (2.36) I?],

)
du®

(A®A,) =0
(2.36)

Ibragimov’s conservation theorem
The technique % enables one to construct conserved vectors associated with each Lie point symmetry of the PDE system
given by (2.2).
Definition 2.27. The adjoint equations of the system given by (2.2) are
5

A (;r‘i._ u, v, U U ) = W{i."j;ﬁs} =0, (2:37)

where v* is the new dependent variable.

Definition 2.28: Formal Lagrangian L of the system (2.2) and its adjoint equations (2.37) is[®

L =v"A, (" u®, (1ys- - - .u(ﬂ) (2.38)
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Theorem 2.29: Every infinitesimal symmetry X of the system given by (2.2) leads to conservation laws [**]

D, T =0,

Aao (2.39)

where the conserved vector

i i o | OC [ 9oL ) ac
T =L+ W [M—DJ(aui_})+DJD,\.(8_HE}}C)—..}+

W) |22 _py (22 ) .|+ Dypeowe) | 2= -
A dugy, gy, (2.40)

3. Main results
We compute the Lie point symmetries of Equation (1.3) and use them to linearize the problem and construct exact solutions.

3.1 Lie point symmetries of (1.3)
The vector field

d d Jd
X =7(t, =, u)a + f(f._x_.u]a + n{t,x._-u)a, 3.1)
is a Lie point symmetry of (1.3) if and only if
xBal - =0,
A=0 3.2)

where t and x are two independent variables and u is a dependent variable. X Bl is the third prolongation ! of (1.3) defined by

. D, 0 9
X =X+q 9 G o, Cano p— (3.3)
Where
G = Duln) —ueDy(7) — ux Dy (£), (3.4)
G = Dz(n) —wDz(7) — uzaDz(€). (3.5)
(2 = Di(G2) — ueeDe(7) — upr D2(€), (3 6)
G = DolGa) = wiaaDa(7) = teea D2 (€), 3.7)
and the total derivatives D; and Dy are given by
aJ ad d ad
Dy = —4+wmp—Ftp—tUup— -+,
at du Aty g (3 8)
D, = ;i +111r;i +um.rji + uu?i +....
ar du Ous Ay
3.9)
Applying the definitions of D; and Dy given above, we obtain the expanded form of the { as
C1 =M + Wty — W T — ”-[27—11 — Uzt — UptizEu,
(2 =z + UzTu — UtTz — WUz Ty — UzEr — -uf.{,h
C?Z =Tz + 2“1'”1‘!.1 + Upz Ty + ?J,z.?]uu - 2“11‘{1‘ - '“n‘{:r:r - 2“’361 w 3“1"”1‘:1‘511
— uﬁfw — Qe Ty — UiTezr — 2UplsTry — (Uplze + 2Uptlpe )Ty — -u;uirw._
CQ?Z Moz — Ruf'ui'uiurrruu + 'uznumu + Ruz'}?ﬂui — Ut Toge — 3“?«&1“;1 - 3'uz~£uu_:r
- Tiifuu w 3713_'_-‘511 + Jugs Tuz + UzzzTu — Stz Te — JUtaTer — 371:1-:1':1-51‘
- 3“115:1 - 3'”{"-;1' Twrer — RUYMITT'!II - ﬁum-?i_r Tuz + 3'“11“;1'7?”", - 3“{1'?127%
+ JuxNuzrr — Urrzr — 3?1-:71-3 Tuuz — UtUrrzTu — SUtzzlUz Ty — ?lrui:-'rmm
- 4“11‘1'”1‘511 - gua‘urrgur - 3”!1”1‘1‘7”, - ﬂuiurr‘sim- (310)

14
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From equation (3.2) we get

0 0 0 i 0
[ - +E(—+'??(—+C1(—+Czﬁ+§222 =

T— g + Gutly + Upy )
ot dx du Juy } ( ! . e

g (1.3)

After expanding the above equation we obtain

(6uzn + 1 + 6uls + (222) =0

Wrrr=—1r —Gutts

Substituting the values of (1, {2 and {22, in the above equation yields

Gty + [ + wpmpy — weTy, — ity — uny — Wt &) + 6ufy + Uty — W Ty — Wty Ty
—ug€y — ui{u] + [7]'3:1'1' — Uy U Uy Ty + H:rhum, + Suiﬁ’uuz — Wi Tpgry — S'U-igmms

- 3“2&“:,1' - “igumr - 3”3;&” + BuprMux + UsaeTe — IpzaTe — IUpaTer — SUzaabs

— BUprlrr — IUsULTyrr — IUpUgr Tz — OUpUr Ty + BUpr U o — S-Mirugr,m

— Urlrrr — 31":ti'!i'ruu.r: — Uy Ty — 3UprzrUsTy — 'ut"':f:'ruuu — Auzrrtry — Nater€us

2
— Bt Uaa Ty — BUL Uz Eon)

W e =— e —GUlLx

Replacing uxx by —u: — 6uuy in the above equation, we obtain

2
Bu.m + [ﬁ{ +ouynpy, — up Ty — Wy Ty — Ul — utuxﬁu] + ﬁu[r;x U Ty — UpTy — Ul Ty
2 3 2 2
x * T T x
U'J‘El‘ u ‘Su] + [Th:.m ?Uin:r”‘tumzﬁm +u Nuuu +3u Nuuzr Ut Trzr 3u {u WE
3 4 2
— 3tz unz — Upluun — Uz Sy + Iaaluz + (e — 6UUL )y — Btz Te — 3UtaTex
- 3(_“t - 6”“:!:]6.1‘. - 3?%151:.:: — Bty Tyzr — SUglprTye — Ozt Tyr + 3”1:!:“:::7?rm
2 2
- But.ruzzlruu + 3“‘1‘1??1:1‘:1: — Uzlaze — guiu:xrlma: - ”t(_ut - 6””—1‘)7& — Bpyr itz Ty

3 / 2 —
- "-tu_r'r'u'am - “1(_”-t - 6”“1]111&1 - g“-.ru.r.rfu.r - 3'“!:1:“-:1-9:'ru - 6“;,”11{1111] - 0

www.multiresearchjournal.com

(3.11)

(3.12)

(3.13)

(3.14)

Splitting the above determining equation on derivatives of u gives the following over determined system of eight linear partial

differential equations, namely,

Utz : Tz =0,
Ugllzr @ Ty =0,
“21 £.=10
Uzller : Tuu =0,

Urz e~ Eee = 0,
u : 3 —m=0,
w1 b+ 12u; — &+ ey — eae =0,
Rest @ 7pgs +06un, +m, =10

Equations (3.15) and (3.16) imply that z = z (t).

_ ()
By rewriting equation (3.20), we obtain =73 and hence

_ 7e(t)
&= Tr-l—a{f,.n}.

for some arbitrary function a of t and x.

Since & =0 as in equation (3.17), we have that

(3.15)
(3.16)
(3.17)
(3.18)
(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

15
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Integration of equation (3.18) twice with respect to u yields

1 = b(t, x)u + et ),

where b and c are arbitrary functions of t and x.

www.multiresearchjournal.com

(3.24)

(3.25)

From the equations (3.19) and (3.24), we deduce that 5u = bx(t, X) = &« = 0, which confirms that b = b(t) and hence

n = b(t)u+c(t, )

We substitute equation (3.26) into equation (3.22) to have

Craz(t, ) + Gucy(t, x) + be(t)u + ce(t,x) =0

Splitting equation (3.27) on powers of u yields,
u o Geg(t, o)+ b(t) =0,

W Cora(t.x) + et z) =0

. . . c (t l’) — —bt(t)
Rewriting equation (3.28) gives “z\"
finds that c(t, x) = 0, showing that, ¢ = c(x).
So far we have that,

T :T[f)'.

£ :@x +alt),

n =b(t)u + c(x)

(3.26)

(3.27)

(3.28)

(3.29)

6 which reveals that cx(t, X) = 0, and as a consequence of equation (3.29), one

(3.30)

(3.31)

(3.32)

Substitution of equations (3.31) and (3.32) into equation (3.21) yields

724 ()
3

Gb(t)u + 6c(x) + dure(t) — T+ a(t) =0,

which after splitting on powers of u gives,
w : Gb(t) +47(t) =0,
0

u’ o Ge(x) — %U)r —a(t) =0,

A b(t) _ —27(t)
From equations (3.34) and (3.35), we get 3 and

~ —2n(t) Te(t) | aelt)
T3 YT I T

(3.33)

(3.34)

(3.35)

6 respectively, so that equation (3.32) be comes,

(3.36)

Substituting the expression for » from equation (3.36) into equation (3.22) produces

Tialt) +Tm(f)r ag(t)

—1

T =0
3 18 ]

(3.37)

We then split equation (3.37) on powers of u and x and integrate the resulting equations with respect to t to discover that z (t) =

3Cit+ C; and a(t) =6Cst + C4.
Finally,

T =3Ct + Cs,

& =Cz + 6C3t + Cy,

(3.38)

(3.39)

16
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n=—2C1u+ C;y (340)

The lengthy calculations above prove that Korteweg-de Vries equation (1.3) admits a four-dimensional Lie algebra spanned by

ad

M= (3.41)
v, =2
e (3.42)
T
T T ow (3.43)
Ny :.‘H,‘i + ii — 2:/3

ot dx Ou (344)

Remark 3.1: The first two symmetries represent space and time translations respectively while the third represents Galilean
boost and the fourth represents scaling symmetry.

3.2 Commutator table for the Lie point symmetries
We evaluate the commutation relations for the symmetry generators. By definition of Lie bracket in section (2.28), for

example, we have that

a0

[X), Xp] = X1 Xy — Xo X = (ﬁa) - (%%) =0 (346)

Remark 3.2: The remaining commutation relations are obtained analogously. We present all commutation relations in table
(1) below.

Table 1: A commutator table for the Lie algebra spanned by the symmetries of Korteweg-de Vries equation

[Xi, Xj] X1 X2 X3 X4
X1 0 0 0 X1
X2 0 0 6 X1 3X2
X3 0 -6X1 0 -2 X3
X4 -X1 -3X2 2X3 0

3.3 One-parameter groups of transformations

The corresponding one-parameter group of transformations can be determined by solving the Lie equations as defined in
section (2.17). Let T.i be the group of transformations for each X;, i = 1, 2, 3, 4. We display how to obtain T.i from X; by
finding one-parameter group for the infinitesimal generator X;, namely,

2
T (3.47)

In particular, we have the Lie equations

" (3.48)
Solving the system (3.48) one obtains,
t=t, T=x+e¢ uU=u, (3.49)

and hence the one-parameter group T.1 corresponding to the operator X; is

T,: t=t, T=x+e€, U=u (350)

The other three groups are obtained analogously and we get the following one-parameter groups:

17
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T, : t=t, T=r+e€. u=u,
T.,: t=t+e, I=z w@=u,
Tey: t=t, T=mx+06est, @=nu+tes,
T.,: t=te®™ FT=uxpe™, @=ue 2.

(3.51)

3.4 Symmetry transformations

We employ the symmetries obtained in section (3.1) to find exact solutions for Korteweg-de Vries equation. In a more general
sense of symmetry analysis, we can either transform known solutions by the groups or construct group-invariant solutions. By
the criterion of invariance ifu =T'(t , x ) admits to equation (1.3), then so does

o(t, o, u,e) = L(pi(t, z,u.€), pa(t, v, u,€)) (3.52)

For example the one-parameter family of solutions generated by the group

I;,:F:f. T=xr4+¢€, U=1u,

(3.53)
ifu =T(t, x )is asolution, then u =T'(t, X + ¢;) is also a solution.
The generated solutions include of all the one-parameter groups include:
T, = L(t,z+e1),
T, w® =Dt + e, x),
T., @ = L(t,x + Gteg) — e3,
T., @ = (:'2"1‘(“:3”.;17(."). (354)
3.5 Group-invariant solutions of (1.3)
Now we compute the group invariant solutions of Korteweg-de Vries equation.
1) Translationally-invariant solutions
We consider the space translation operator
d
X = a0
e (3.55)
Characteristic equations associated with the operator (3.55) are
dt  dv du
o1 o (3.56)

which give two invariants J; =t and J; = u. Therefore, u = w(t) is the group-invariant solution for some arbitrary function .
Substitution of u = w(t) into (1.3) yields

¢ (1) =0, (3.57)
whose solution is

W(t) = O, (3.58)
for C, an arbitrary constant. Hence the group-invariant solution of (1.3) under the space translation operator (3.55) is

ult, ) =Gy (3.59)

2) Stationary solutions
Consider the time translation operator

b
o (3.60)

Xa

The Lagrangian system associated with the operator (3.60) is

dt  dx  du

-7 (3.61)

1 0

18
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whose invariants are J; = x and Jz = u. So, u = w(X) is the group-invariant solution. Substituting of u = y(x) into (1.3) yields

63 (2)p(x) + () =0 (3.62)
All the stationary solutions have the form

uw=(x), (3.63)
for some arbitrary function y satisfying the equation (3.62) or equation (3.64)

(@) = —20° + 2y +1, (3.64)

obtained from (3.62) by two integrations, for which k and | are constants of integration. The general invariant solution takes the
form [l

u = —2®(x), (3.65)
where ®(x) is the Weierstrass elliptic function satisfying the equation,
®(z)” = 49(x)’ — g2®(2) — g (3.66)

For some real roots ry, r, r3, of the cube polynomial on the right hand side of (3.66), the solutions (3.63) could be written in
the following forms: (18]

1) If ri < r2 <rs, then u = u(x), is a limited function and

2al of |a N
=— [—=z,8] +7,
in 52(11 V S_E.r_s Y

(3.67)
a cnoidal wave where dn?(x, s) is the Jacobian elliptic function with modulus s =
(ra—ra) _ (ra—m) . .
ts-rowherein “ = 2 is the amplitude of awave, and y =1y .
2) If r1 =2 <r3, thenu — ry, U, U¥ — 0 when x| — oo, and get the solitary wave,
(s — 1)
w=(rz—r1) sech? (\J'J “Tl) +r
(3.68)
3) If ri=r2=r3, then
-2
Y TTC (3.69)
3) Galilean-invariant solutions.
Consider the Galilean boost operator
X3= (ir;l - ;—)
ar ou (370)

Characteristic equations associated to the operator (3.70) yield two invariants J; =t and Jr=—ut G Asa result, the group-
invariant solution of (1.3) for this case is J2 = ¢(J1), for ¢ an arbitrary function. That is,

u(t,r) = —olt +£
a)=—9(t) + o

(3.71)

Substitution of the value of u from equation (3.71) into equation (1.3) yields a first order ordinary differential equation

A ﬂ — . - é - . . . . . .
o1+ = Owhose general solution is ¢(1) = 7 with 9 an arbitrary constant of integration. Hence, the group-invariant solution

under Xz is

z4+ A
ult,r) = (— ,
”> (3.72)
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where A=65and t /= 0.

4) Scale-invariant solutions
Last but not least, we consider the scaling operator

Tor ot ou (3.73)

x?
t

The associated Lagrangian equations to (3.73) yield two invariants, 1= "and J, = ux. Thus, the group-invariant solution is

u(t, x) = ¢(1) , A =x3 . Generally, scale-invariant solutions take the form

) z? ;
if:x‘p(T), t# 0,
; (3.74)

where for the variable * = 7, and ¢ must satisfy equation (3.75)

240¢" — 2400 + 270%™ — N — 127 + 1800y = 0. (3.75)

3.6 Travelling wave solutions
We obtain travelling wave solutions of Korteweg-de Vries equation by considering a linear com- bination of the symmetries X
and Xz, namely, (28]

a i) N
X =¢=— + —, forsome constant c.

az ot (3.76)

The characteristic equations are

dt di _du

1 e 0 (3.77)
We get two invariants, J; = u and J, = X — ct. So the group-invariant solution is
u(t, r) = p(x — ct), (378)

for some arbitrary function ¢ and c the velocity of the wave.
Substitution of u into (1.3) yields a third order ordinary differential equation

—ep’ +6p’ + " = 0. (3.79)
Integration of equation (3.79) with respect to ¢ yields

—cp+3p° +¢" =0, (380)

where we take 0 as a constant of integration. The second integration is done after multiplying equation (3.80) by 2¢’ and we
get

'*"JQ = (:“;2 — 2,53: (381)

Or

T e

ver - (3.82)
where £ =x —ct.
By the change of variable ¢ = ¢ sech?(&), we get a one-soliton solution,

olz,t) = %ﬁfmhz (4@ - r't)) (3.83)

4. Conservation laws
We derive conservation laws for Korteweg-de Vries equation by using the multiplier method.
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4.1 The multipliers
We make use of the Euler-Lagrange operator defined as defined in (2.29) to look for a zeroth order multiplier A = A(t, X, u).
The resulting determining equation for computing A is

8
5u [A{ut + Bune + vgee H =0 (41)

Expansion of equation (4.1) yields
Au(u + 6utty + ) + 6uzA — Dy(A) — 6D (Au) — Df(:\) =0. (42)

Invoking the total derivatives defined in (3.8) and (3.9) on equation (4.2) results in
A+ Guly + Appr + (3Appy)uz + {3;\,\””}& + ;'\,1,1,17;1 + 3A iy + (3Auy uztz, =0 (4 3)

Splitting equation (4.3) on derivatives of u produces an overdetermined system of six partial dif- ferential
equations, namely,

Uy s Ay =0, (4.4)
w2t Mgy =0, (4.5)
@ Ay = 0, (4.6)
g+ Ay =0, (4.7)
Utz * A = 0, (4.8)
rest : Ay + 6ud, + Azgy = 0. (4.9)

Note that equations (4.4) and (4.5) are trivially satisfied by equation (4.7). Likewise equation (4.8) admits equation (4.6).
Integrating equation (4.8) twice with respect to u gives

A =alt,z)u+b(t,z), (4.10)
for some arbitrary functions a and b of t and x. Substitution of the value of A from (4.10) into equation (4.7) yields,
ﬂr{f,..'l’,') =10, (411)

from which we get that a = a(t), and consequently

A = a(t)u+b(t,x). (4.12)
By substituting the value of A from equation (4.12) into equation (4.9), we have
a(t, T)u + by (f, ) + Buby(t, ) + byps(t, 7) = 0, (4.13)
which splits on powers of u as
w s altz) +6ba(t,z) =0, (4.14)
W by(t,7) 4 bagelt,2) =0, (4.15)

Equation (4.14) implies that

—ae(t,x)

balt,x) = — (4.16)

from which by(t, X) = 0. Thus by equation (4.15), we deduce that by(t, X) = 0, which in turn verifies that

b =b(z). (4.17)
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Upon integration of (4.16) with respect x, we get

—a (2, r)J_ .

b(t.x) = — o), (4.18)

for some arbitary function c. Since b = b(x) as implied by equation (4.17) and a = a(t) as shown in equation (4.11), we must
have that ¢ = C; and a(t, X) = C, for some constants C; and Co.

. N ~Ca.. . .
This gives a(t, x) = Cst + Czand b(t:%) = C1 + =52 for C; a constant of integration.
Hence we have,

.

A=C1+ Oy (i?}. — E) + C'3u, (419)

which is a linear combination three nontrivial conservation law multipliers

At,zu) =1, A%(t,z,u)=tu— % and A3(t,r,u) = u.
6

(4.20)

Remark 4.1. Recall from (2.35) that a multiplier A for equation(1.3) has the property that for the density Tt = TY(t, X, u, ux) and
flux T = TX(t, X, U, Uy, Uxx),

A (ug + Guty + tyyy) = DT+ DT, (4.21)
We derive conservation law corresponding to each of the multipliers.’

1) Conservation law for the multiplier A(t, x, u) = 1.
Expansion of equation (4.21) gives

it it it I T TE T
g + Bty +1taze = Ty + il +wely, + T3 + Ty + tae Ty, +vae Ty

(4.22)

Splitting equation (4.22) on third derivatives of u yields

Uprr - 1:;_,. =1, (423)

Rest : w +6uu, = T} + Thuy + T, wpe + TF + Tty + Ty g (424)
By integrating equation (4.23) with respect to uy, we deduce that

T = ey + Alt, 2,1, 1), (425)
for A an arbitrary function of its arguments.
Substituting the expression of T* from (4.25) into equation (4.24) we get

ur + buy = T + Thust + '1',:[ utr + Az + Autis + Au, Uz, (4_26)
which splits on second derivatives of u, to give

w Ty, =0, (4.27)

Upy @ Ay, =0, (4.28)

Rest @ wy+6uu, = TF+ Thuy + A, + Aty (4.29)
Integrating equations (4.27) and (4.28) with respect to uy manifests that

Tt = Bt, =, u), (430)

A= A(t,z,u), (4.31)

for B an arbitrary function of t, x and u.
Substituting the expressions of Tt and A from (4.30) and (4.31) respectively, into equation (4.29) gives
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wy + 6un, = By + Byuy + A, + A u,, (4.32)

which splits on the derivatives of u to yield

u : By=1, (4.33)
u, : A, = 6u, (4.34)
Rest : A+ B =0. (4.35)

By integrating equations (4.33) and (4.34) with respect to u, we find that
B=u+C(tx), (4.36)
A=3u?+ D(t, x) (4.37)

for C and D arbitrary function of the arguments t and x.
Substitution of the expressions of A and B into equation (4.35) shows that Dx + C; = 0. Since C and D contribute to the trivial
part of the conservation law, we take C = D = 0. We get the conserved vectors
T =, (4.38)
T =3u + Uy, (4.39)
from which the conservation law corresponding to the multiplier A1 = 1 is given by

D () + D, (."mz + ) = 0. (4.40)

Remark 4.2. The fact that A1 = 1 is multiplier is a sufficient evidence that Korteweg-de Vries equation (1.3) is itself a
conservation law.

. iopiape A2t xu) = tu— L.
2) Conservation law for the multiplier > 6
Substituting A2 into equation (4.21) and expanding yields

T L2 TY ot it ot
ug |t — (— + ug (6tu” — ru) + Ugrr (fu — (— =T, +Tyue + 15, uer
i) D *

+I; + I‘,}rﬂr + 1,‘1 + Urr + I;TJ_J_U-J‘J‘J‘- (441)
Splitting equation (4.41) on third derivatives of u gives

tass : T, = (tu F:) (4.42)

;. o 2 et et it mz
Rest : (?‘,7 — E) + 1y (hh: —.ru) =17 + Thuy + T e + T + Toue + T gy (4.43)

Integration of equation (4.42) with respect to u, reveals that

T = (11; — g) W + A, T, w, uz), (444)

for A an arbitrary function of its arguments.
Substituting the expression of T from (4.44) into equation (4.43) we have

u (zz - E) + g (0tu® — zu) = [Ay + tugg|ug + Ay tize + T} + Thtg + Tt (4.45)

Splitting the equation (4.46) on second derivatives of u gives

.ot
Utr : InJ. =0, (447)
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Upy Ay, = l — tug,
6 (4.48)
Rest : wuy (tu — F:) + U, (ﬁfu? — .L‘T}) =T+ Thuy + Ay + Ayu, (449)
Integration of equations (4.47) and (4.48) with respect to ux yields
T =at, r,u), (4 50)
A :i:—if%ﬁi%»{f(f..r.u). (451)

where o and ¢ are arbitrary functions of t, x and u. Substituting the values of T* and A from (4.50) and (4.51) respectively into
equation (4.49) gives

w (fu — %) + o, (ﬁtu2 — J:u) = A+ Ayuy + 0, + 0yu, (452)

The equation (4.52) splits on first derivatives of u to give

T
uy Ay =tu-—=,

6 (4.53)
uy 1 Oy = 6ult — Tu. (4.54)
Rest : T;+d, =0. (4.55)

By integrating equations (4.53) and (4.54) with respect to u , we have that

tu? TU
A=—0 — — +7(t, ),
2 6 (4.56)

o2
§ =20t — L + plt, z),
2 ' (4.57)

where p and y are arbitrary functions of their arguments. Substituting the values of A and ¢ into equation (4.55) gives y; + px =
0. We take note that y and p contribute to the trivial part of the conservation law thus we take them to be zero to give the
conserved vectors

p tu? T

T2 67 (4.58)
o 5.3 au? uy uf,f. T
I =2u t_T+F_?+ (tu—a)u” (4 59)
Hence the conservation law corresponding to the multiplier A, = tu — x is given by
D E—E +D, 27’:,1‘_&;2+u_r_@+(r11_£)u =0
\2 6 HA Y T T G Y y A (4.60)
3) Conservation law for the multiplier A3(t, x, u) = u.
Substituting A® into equation (4.21) and expanding, the result is
- 6uuPt - Wlkgzg = T+l + ufrl’}zr + I ur Ty +ure Ty +uae Ty (4.61)
We then split equation (4.61) on third derivatives of u, to obtain
Upee @ Ty =u (4.62)
Rest : uug +6uuy = T} + Toup + T2 g + 15 + T2 + T2 . (463)

Integration of equation (4.62) with respect to ux yields
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T% = uttyy + Alt, 7, u,uz), (4.64)

where A is an arbitrary function of its arguments.
Substituting the expression of T* from (4.64) into equation (4.63) we have

wig + 60ty = T+ Thug + T e + Ay + [Ay + ttga]tty + Ayt (4.65)

By splitting the above equation (4.65) on second derivatives of u, we find

e Th, =0, (4.66)
s A, = — s, (4.67)
Rest : uwy + 6u’u, =T} + Thuy + Ay + Ay, (4 68)

By integrating equations (4.66) and (4.67) with respect to ux, one finds that

T =6(t. . u). (469)

2
—u

A=

+ k(t, . u), (4.70)

for arbitrary functions 6 and k.
Substitution of the expressions of Tt and A from equations (4.69) and (4.70) respectively into equation (4.68), we get

wiy + 6uuy = 0 + Oy +o +hy + kotty, (4 71)

which splits on second derivatives of u as,

ut 0y = u, (4.72)
uy ik, = 6u°, (4.73)
Rest :6; + Az =0 (474)

We integrate equations (4.72) and (4.73) with respect to u and obtain

6=7 +eclt,z), (4.75)
k=2’ +a(t, ), (4.76)

for some arbitrary functions ¢ and a of t and x.
Lastly, we substitute the values of 6 and A into equation (4.74) which gives 6; + Ax = 0. We take note that a and ¢ contribute to
the trivial part of the conservation law thus we take them to be zero and get the conserved vectors

2
L

r=5 (4.77)

. : 1
T% =2u° + wugy — Eui.

(4.78)

Hence the conservation law corresponding to the multiplier Az = u is given by

u? 3 1,
Dy | — | + Dz | 20" + ttgr — zuz | = 0.
5 3 (4.79)

4. Conclusion

In this paper, we have employed symmetry analysis to study a kdv type equation. A four-dimensional Lie algebra of
symmetries was found for the nonlinear KdV equation.Our Lie algebra is generated by space and time translations, Galilean
boost and scaling symmetries where the scaling symme- try acts on three variables. Associated to each symmetry, we obtained
symmetry reductions that gave six nontrivial solutions for the kdv equation. All the solutions describe the various states of any
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system that can be modeled by a kdv type equation. The obtained solutions can be used as a benchmark against numerical
simulations. In future, we will construct more conservation laws by lbragimov approach and generalize a study of such
problems.
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