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Abstract

In operator theory g-calculus is an active area of research in Szasz type operators for their g-analogues. We obtain
last few years. Several new g-operators were introduced and moments and convergence results in terms of higher order
their approximation behavior was discussed. In the present modulus of continuity.

paper, we study the Stancu type generalization of Beta-
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1. Introduction

Many researchers introduced several g-operators and discussed their approximation properties. Very first in the year 1987, A.
Lupas %1 gave the first g-analogue of classical Bernstein Polynomials. After that Phillips 22 introduced another important g-
analogue of Bernstein polynomials. Many researchers worked in this direction and proposed various g-operators and studied
their different properties e.g. [* 10 11, 15, 17, 18, 19, 20 gngl 24 etc, For g-discrete operators the convergence estimates were also
studied by I 2 and BB, Atakut - Buyukyazici [ © studied the Stancu variants of several well-known operators and estimated
some direct results. Actually, the Stancu variant is based on two parameters and it generalizes the original operator. Motivated
by the recent research on Stancu type operators, we introduced the Stancu type generalization of the Beta-Szasz operators.

For @ € (0.1) and 0 = @ = B \ye propose the q-Beta-Szasz-Stancu operators as
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where by (x) and Spilt) are Beta and Szasz basis functions defined as
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As a special case when @ = B = 0Oand q =1, the above operators reduce to the Beta-Szasz operators introduced by Gupta and
Srivastava [*2. Aral, Gupta and Agrawal ™ published a book which contains many important results on applications of g-
Calculus. For the study on this paper, some notations of g-calculus are described below.

[nl,! = {[n]q[n— 1]5,;1.5]3,71 =1.2,..
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According to 4, there are two g-analogues of exponential function €°

=Y = l<pee. <1
e(z)= ) ——=———— | z| < ——, =
TET LW (- (-9 rt-q’
And
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Where (1 =07 =TT5Zo(1 — g))x)

The g-Jackson integrals and g-improper integrals are defined as

[t =0t~ ftagmar, a>0
0 n=0

w/fA o n

[ rode=a-9 Y r@HL aso
0

n=-—cao

The two g-Gamma functions are defined as
1
I-q
I = f t*LE (—qt)d,t,
0

VA0 = f A(L— )t Te (~t)d,t,
U]

For every A, x>0, we can get
'J’L-i“ = K(A’x)}"&é (x)

1
1 +4% (1+ G1) (1 +41)

K(Ax)=

For any n>0
K(A,?’l) — qn('n—l]fz
and
[ () =q""yin).

In the present paper, we obtain the moments of the q-Beta-Szasz-Stancu operators and es-
tallish some direct results which include the error estimation in terms of modulus of continuity
and the weighted approximation for above said operators.
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2. Moment Estimations
This section deals with certain lemmas
Lemma 1: 3 For above operator, for @ = B=03and 0<g<1, following equalities hold

1) BIl(1,x)=1
Bi(t,x)= x(l +

1
+ —_—
(2) q[“]q) [nlg

BA(e%x) = Pl An? 4 B (1 4 2q + P+ 0
(3) [nlg [nlg [nlg

Lemma 2: For @ € (0.1) and 0 = @ = B, we have
3,‘3.“.3[1,3:) =1

x(q[n]q+ 1) +q(l+a)
q[:[n]q"'ﬁ)

[n+ 1], [n+2],x2 + (gln+ 1], + (1 + 29 + ¢?) + 2a([n],q° + ¢*Nx + ([2], + @® + 1)g?
([l +B)’¢ |

Bl’f.ﬂ.ﬁ (t, x) =

Bl’f.ﬂ.ﬁ (tz,x) =

Proof: By Lemma 1, it is clear that
Brog(Lx)=1

Further, we have

R o [lgta™ + @)
Brf.a.ﬁ(t’x)_;bﬁ.k(x) Uf g % ts, (t)f(q[n]q—+ﬁ> dgt
= Mo per C iy
[nlg+8 " [nlg+8 "
I, ( ( N 1 >+ 1 ) a x(qlnl, +1) +q(1 + @)
[ﬂ]q+ﬁ qlnly)  [n] [ﬂ]q+ﬁ q([nl, +B) '
We have
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q

By p(t?x) = Zb ;.fx)J g " tsy (t)f(q[n]q—+ﬁ

(o a2 s (e
[nl, + 8 (lnl,+8)°) " [nlg+8) "

2
=( [n], ) ([n+ 1]q[n+2]"x2+[n+1]q[1+2q+q2)x+E % )
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(Il + B)’¢?
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Lemma 3: For * € [0,92) and g € (0, 1), e obtain the central moments as follows

@ oo X1—gB)+q(l+a)
e (S

i

By p((t —x)%,x) = x?

[n+1],[n+ 2]q_x(q[n]q+ 1] 1]
([nl, +8)°¢®  allnlg+E)

[n+1], +(1+29+q%) 2“(@[’”]4 +1) _2[1 +a)
(), +B)’q? q(lnl,+8)° [Mlg+B

[2],+ a* + 2a
(Il +8)°

3. Convergence Estimates
Definition 1. By & [0,%) we denote the space of real valued continuous bounded functions

f on the interval [0: %) the norm”'” on the space C50:%) js given by
[f]= sup 0}
0<x<o
Definition 2: The Peetre's K-functional is defined by
K, (f.8) = inf{|If — gll +6llg"l: g € W2}

Where W ={g € C5[0,=): ", 9" € C[0.)}. Following [8), there exists a positive constant M>0 such that K2(8) < M, (£,¥8), >0 \here
the second order modulus of smoothness is given by

w,(f,V8) = sup sup |f(x+ 2??)—2f(x+h)+f(x)‘.

0<h< 5 Dexsio

Definition 3: For / € C&[0.2°) the usual modulus of continuity is given by

w,(f,8) = sup sup |f(x+h) = f(x)

Ochsd Qoxse

Theorem 1: Let f € C5[0.9) ang g € (0,1), then for all * € [0,99) and ™ € N: there
exists an absolute constant M > 0 such that

Brog(fix) —f(x)l < Ma, (F,6,(x) + w(ﬁxﬁl —gf)+q(1+a) )

q([nl, +B)
. -3 £V
R L R e
Proof: Introducing the auxiliary operators Ei-a..ﬂ as

x(1-gfi+q(l+a)

—a
B ,x) = B2 LX) — (x+ )+ x), B!
(1) nap(f:3) = By p(fr2) = f q([nlg+§) e e [0, ). The operators B (F:%) are linear and preserve

the linear functions:
=4
(2) Bn.a.,ﬁ'(t —X,X) =0

z . .
Let 9 € W*. Using Taylor’s expansion

r

g(t) =.9(X)+.9'(X)(t—x)+f(t —x)g"(wdu, t€ [0,00)

X

and (3), we get
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—aq —aq
Brap(90) =90 + 81— f | [t —wg" (du.x
&

Hence by (2), we have

B9, %) — g(x)|

[
< Brf.a.ﬁ J[t—x)g”[u)du, x
-

x(glnly+1)+aq(1+a)

a([nlg+E)

x(q[n]q+1)+q(1+n')_ .
; [ ( F i) u)g (w)du
x(gnlg+1)+qil+a)
t . qE[n;q)+;ijl ( [ ] 1) (1 )
< |52 — u||g" (w)|du, Maginlg +1) +4 +“_|H d
< |82 f ¢ —ullg”Goldu, x ||+ f iy u| 1" (w)ldu

) . ) w2
= pt a2 J:(l—q,t?,l+q(l+a,|) ) — &2 "
< Bl (6 =% 2) + (FEELID ) g = 2 G0l

4) and by (2), we have

—a
Bras(f,2)| < B s (F. 0| + 20171 < 311711

®)

According to results (2), (4) and (5), we get

Bl p(f ) —f(0)| <

By (f—9.2) = (f = 9) )| + [Brag (9.0 — 90|

+|f(x+x(1—qﬁ)+q(1+ﬂ))_ﬂx)|

‘?([n]q"'ﬁ)

" x(1-gfl+q(1+a)
< 4llf — glISECOllg "I+ | (x + HBE ) £ )|

Therefore, taking infimum on the right-hand side over all 9 € Wz, we get

x(1—gBf)+q(1+a) )
q([nlg +5) '

B, (F1) — F(0)| < MK (£,83()) + w(f,

Using the property of K-functional

B (f.X) —f(x)l < Maw,(£,6,(0) + w (ﬁxﬁl —qgf) +q(1+a) )

q([nl, +B)
This completes the proof of the theorem.

Definition 4: Let #x2[0.%) pe the set of all functions  defined on [0:%). satisfying the condition If Ol = Kp (1422,

Where X7 is a constant depending only on f. By Cx2[0,%) \ye denote the subspace of all continuous functions belonging to
. )

H,2[0,00) Ao fet Cx2[0:) pe the subspace of all functions f € C;2[0,), for which 108 -+c0 1+27" is finite. The norm on

C.z[0, o)

[F()
fll.= —.
[fle = sup e
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We denote the modulus of continuity of f on closed interval [0; a]; a > 0 as by

w,(f,8)=sup sup |f(t)-f(x)]

[t=X|<5 x,te[0,0)

We observe that for function / € €2 [0.%). the modulus of continuity w,(f,0) tends to zero.

Theorem 2: Let @ = Gn satisfies © < @n < Land let @» — 1 as ™ = @ for each

f € C2[0,9) \ye have

lim || BE2 4 (7,20 = F ()

=0
‘J‘_E

Proof: Following I, we observe that it is sufficient to verify the following three conditions

3 In v _ A — —
®) rl‘[l—hr?o Bn.a’.,ﬁ'(t LX) —x 2 0, v=20,1,2.
An —
since Bras (13 =11 014 for v=0

Thus ‘

which implies that

— up x(1—gf)+qg(l+a) 1

B (¢, ,x)—x"¥ . .
. 'G( ) x? xe[0,2) Q([H]Q‘Fﬁ) 1+x2

N

B 3[t ,x) —x‘

N

=0
.J.':

1 2 2
33(—[n+ ]q[n—l; ]q—l) sup =~ >
* (Inlg+£) ¢ ref0m) LT X

+q[’n + 1y (1+2q +q°) + 2a([n],a* + 4%
([ﬂ]q +ﬁ)2q3 xe[0,2) 14 x2

B 3[t ,x) —xz‘

N

() y 1
(Inlg+ B) %) wenmy 1+ 2

Bynp(t,x) —x? ‘

log, e ‘ P 0.

Hence theorem is proved.
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