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Abstract

A classical potential Burger’s equation is studied by Lie
group analysis. The constructed Lie point symmetries are
used to perform symmetry reductions of the potential

invariant solutions. Solitons have also been constructed
using symmetry span of space and time translations. Finally,
two conserved quantities are derived by multiplier approach

burgers equation and the resulting reduced ordinary for the model.

differential equation systems investigated for exact group-
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1. Introduction

The Burgers equation B! is of great mathematical and physical attention. The equation is ubiquitous in hydrodynamics
applications and other scientific realms since it is among the simplest partial differential equations that combine a description
of interacting nonlinear and dissipative effects. Mathematically, it does serve as the prototype of an equation that can be
linearized through a direct coordinate transformation. Essentially, from the classical Burgers equation 12,

Ag = ¢ — 2990 — Gax =0, (1.1)
we can let
q = Uz (1.2)

Substitute for g in (1.1) and integrate with respect to x to yield the potential Burgers equation
A= — ni — Uy =0 (1.3)
where u = u(t, x).

2. Preliminaries
In this section, we outline preliminary concepts which are useful in the sequel.

Local Lie groups .
In the Euclidean spaces R" of independent variables x = x' and R™ of dependent variables u = u? we consider the
transformations [*31,

Te: "i'i = <pl(ml7 ua7 6): U = wu(mi’ua, E)a (21)

involving the continuous parameter ¢ which ranges from a neighbourhood N’ © N c R of e = 0 where the functions ¢ ' and y
differentiable and analytic in the parameter e.
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Definition 2.1: The set ¢ of transformations given by (2.1) is a local Lie group if it holds true that

1. (Closure) Given T e, T €2 €¢, for €1; e2 €N ‘cN, then
Te1Te=Tes € G; 3= ¢ (€1; €2) EN.

2. (ldentity) There exists a unique To € ¢if and only if € = 0 such that
TeTo=ToTe =Te.

3. (Inverse) There exists a unique Te-1 € ¢ for every transformation Te € ¢,
Where € €N ‘cNand e*€ N such that
TeTe-1=Te-1T =To.

Remark 2.2: Associativity of the group ¢in (2.1) follows from (1).
Prolongations
In the system,

Aq (:1;"’, U ey, u(,r)) =A, =0, (2.2)
the variables u” are dependent. The partial derivatives ug) = {ui“},
ue = (ujh-um = {u i}, are of the first, second, . . ., up to the nth-orders.
Denoting
I Y
,—m u;m+u,jm+.... (23)
the total differentiation operator with respect to the variables x' and d;', the Kronecker delta,
we have
DL($J) = 557 ,, LL;-X = DZ‘('LLQ)7 u% = DJ(DZ(H(X)), PN (2 4)

where u ;“ defined in (2.4) are differential variables Ibragimov .
(i.) Prolonged groups Consider the local Lie group ¢ given by the transformations

j"i = Sali(m%uaa 6)7 @L = xiv u = ¢a($i7 ua’ 6)7 wa = ua7

e=0 e=0 (25)

where the symbol le=0 means evaluated on € = 0,

Definition 2.3: The construction of the group ¢ given by (2.5) is an equivalence of the computation of infinitesimal
transformations

g—:i:mi+£i(ri‘ua)€" L,Ol

o mut + %t u)e, A

o= (2.6)

obtained from (2.1) by a Taylor series expansion of ¢' (x, u % €) and w' (x', u % €) in € about € = 0 and keeping only the
terms linear in ¢, where

51’(.1,1"”&) — alp (‘7:8:/‘ 75)

M (2, u®, €)

Oe

’I]u(l‘i, UQ) —

=0’

€=0 2.7
Remark 2.4: The symbol of infinitesimal transformations, X, is used to write (2.6) as

o (L X', a1+ X)u?, (2.8)
where

X = §i(mi,7¢°‘)i + 7% (2, u®)

0
Az’ due’ (2.9)

is the generator of the group ¢ given by (2.5).
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Remark 2.5: To obtain transformed derivatives from (2.1), we use a change of variable formulae

Di = Di((pj)]jjq . (210)
where D; is the total differentiation in the variables Z*. This means that

' = Di(a®), uj; = Dj(uf) = Dy(uf). (2.11)
If we apply the change of variable formula given in (2.10) on ¢ given by (2.5), we get

Di(y") = Di(y’), Dj(u”) = uj Di(¥”). (2.12)
Expansion of (2.12) yields

a@j 8 &,Oj 8 Bt,b“ B 3“@9“
oz + u; B u; = By u; ek
L uw £ u' (213)

The variables %' can be written as functions of x', u®, ug), that is

u; = O (2", u” ugyy,€), B =uf.

=0 (2.14)

Definition 2.6: The transformations in the space of the variables x', u“, ug, given in (2.5) and (2.14) form the first prolongation
group ¢,

Definition 2.7: Infinitesimal transformation of the first derivatives is

' ~uf + (e, where (= (f"(xi,u"‘._u(l),e). (2.15)
Remark 2.8: In terms of infinitesimal transformations, the first prolongation group ™ is given by (2.6) and (2.15).
ii) Prolonged generators

Definition 2.9: By using the relation given in (2.12) on the first prolongation group ¢! given by Definition 2.6, we obtain !

Dy(a? +€le)(uff + (fe) = Di(u® + %), which gives (2.16)

uf + e+ ufeDi€’ = uf + Dy, (2.17)
and thus

¢ =Di(n") — w3 Di(&), (2.18)

is the first prolongation formula.

Remark 2.10: Similarly, we get higher order prolongations &I,

(@ = D)~ D€, ooy i = i i)~y D3 (E): (2.19)
Remark 2.11: The prolonged generators of the prolongations ¢4, . . ., #I<l of the group ¢ are
m_ o« 0 W xllyea 0
xW=x4¢ B s X = xleed) foipgE K21, (2.20)

where X is the group generator given by (2.9).

Group invariants .
Definition 2.12: A function I'(x', u®) is called an invariant of the group ¢ of transformations given by (2.1) if

I(z,a%) = T(a%,u®). (2.21)
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Theorem 2.13: A function T'(x', u®) is an invariant of the group ¢#given by (2.1) if and only if it solves the following first-order
linear PDE: [l

i ar . ar
XTI = 5‘(1:1,'1,L°)% + nu(mz_“ﬂ)% —o

(2.22)
From Theorem (2.13), we have the following result.

Theorem 2.14: The local Lie group ¢ of transformations in R " given by (2.1) Bl has precisely n — 1 functionally independent
invariants. One can take, as the basic invariants, the left-hand sides of the first integrals

’l;bl (mi<, uﬂ) =Cly--- ,~’1;D7171($i:ua) = Cp—1, (223)

of the characteristic equations for (2.22):

dat o du®
Ei(.’I)iJL”) - na(:l.i"ua)' (224)
Symmetry groups
Definition 2.15: The vector field X (2.9) is a Lie point symmetry of the PDE system (2.2) if the determining equations
XA, =0, a=1,...,m, 7>1,
Aa=0 (2.25)

are satisfied, where ‘m:ﬂ means evaluated on Ao = 0 and X [ is the n-th prolongation of X.

Definition 2.16: The Lie group ¢ is a symmetry group of the PDE system given in (2.2) if the PDE system (2.2) is form-
invariant, that is

Ay (.’Z‘i, a”, ﬁ(l),- . ,u(ﬂ)) =0. (226)

Theorem 2.17: Given the infinitesimal transformations in (2.5), the Lie group ¢ in (2.1) is found by integrating the Lie
equations

dzt o ) ) )
z — El(fl,ﬁﬂ), bd — gt hakali— 7)&(firﬂﬂ): v

de =0 ’ de

=0 ' (2.27)

Lie algebras
Definition 2.18: A vector space V. of operators %1 X (2.9) is a Lie algebra if for any two operators, Xi, Xj € V; , their
commutator

(X, Xj] = XiX; — XX, (2.28)
isinVforalli,j=1,...,r.
Remark 2.19: The commutator satisfies the properties of bilinearity, skew symmetry and the Jacobi identity 14,
Theorem 2.20: The set of solutions of the determining equation given by (2.25) forms a Lie algebra [,

Conservation Laws
Let a system of wth-order PDEs be given by (2.2).
Definition 2.21: The Euler-Lagrange operator 6/ou” is

1) 0 . 9
st =+ 2D Do @.29)

and the Lie- Backlund operator in abbreviated form ! is

o0
+7n

i 0 ¢
X=¢ T (2.30)

oz’
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Remark 2.22: The Lie- Backlund operator (2.30) in its prolonged form is

— ZQI ih()uﬂ

ot i (2.31)

Where
G =DW) +Eu, = D, W)+, s G=1me (2.32)
and the Lie characteristic function is
We =1 = &uj. (2.33)
Remark 2.23: The characteristic form of Lie- Backlund operator (2.31) is
a 3

X =¢Di+ W 4+ D, (W .
EDi+ W oo + Diy i ( )Bum N (2.34)

The method of multipliers
Definition 2.24: A function A" (+".u% uq.-.-) = A% js a multiplier of the PDE system given by (2.2) if it satisfies the condition
that 1201

A*Qq = DT, (2.35)

where DT is a divergence expression.

Definition 2.25: To find the multipliers A ¢, one solves the determining equations (2.36) [,

A°A,) = 0.
e A Ba) (2.36)

Notation 2.26: We will use C;, i €N as constants of integration and Ci(xs, X2, . . .), i € N as arbitrary function of xi, Xy, . . . .

3. Main results

3.1 Lie point symmetries of (1.3)

We start first by computing Lie point symmetries of the Burgers Equation (1.3)which admits the continuous Lie group of
transformations infinitesimally generated by

X =7(t, .r,u)% + E(t,:z;.,u)% + (¢, III,’(L)% (3.1)
if and only if
xPal =0
- (3.2)

Using the definition of the second prolongation (2.20)

7] 0 7] 7]
2] — - “ v
X X+a 9 +Cs— 81 + Cn + Clz D + (20 2 D
Where
(TI) - "tDi(T) - ’U,th(&'),
Dz(n) g Di(T) — ug De(§),
C11 =D;(C1) — upDe(T) — uza Dy(§),
G2 =D (C1) — U Do) — U Do (€),
CQ2 7D:l‘( 2) - U'tz (T) Uy 1(5)
And
Dy = .(.) + uy ‘(‘) + Uy o + iy .U + ...
ot ou DUy My (33)
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D d n 14] n d n 7] n
g =—— Up —— Ugpp = Uty
T 0x “ou Oy ta Ouy

Now the determining Equation (3.2) yields

G — 2uzC2 — Co2lupy=uy—uz =0

or

2 2
e 4 Wiy — Ty — Uy Ty — Upy — Wity — 200y — 2050y + 2upu, Ty
2 2 3 2
+ 2upun Ty + 2unés + 20580 — Tar — 2UaTlou — Uzz Ty — UpThuu T 2UgaEs

+ “z‘fzz + 2ui‘fzu + 3uzum:€u + “iguu + 2“!1771 + Ut T + Zut“zTIu

2
+ Utlga Ty + 2UgUpeTy + 'Utu;g'ruu‘u”:ut_ug =0

which on substitution for ux by u; — u % becomes

M+ Wiy — W Ty — u?'ru —u&y — wugly — 2ugn, — Quinu + 2ty Ty
2 2 3 2 2
+ 2uguy Ty 4 2uils + 258 — Naw — 2UaNew — {Ur — UL N — UL uu

+ 2{”1 - ui}gz + uzgzz + 2“5255111 + 3“1{Ut - ugzg}‘fu + u?pguu + Qutsz

2 2
+ Ut Tea + 2t Tou + we{ur — g} + 2upttaTu + WU Ty =0

www.multiresearchjournal.com

(3.4)

(3.5)

(3.6)

(3.7)

By definition, 7, £and 5 are functions of t, x and u only. For that reason, we can then split Equation (3.7) on the derivatives of u

(without losing any information) and obtain
§u =Ty =72 =0,
T + N =0,
oz = 2o — 20z — & =0,
28, — 1 =0,
Nt = Naz =0.
By the Equations in (3.8),

T=71(t), and &=¢&(t 7).

Equation (3.9) is second order ordinary linear differential equation and is solved by

n=Qz)+T(t,z)e ™

Substitute for £ and # in (3.10) to obtain
Err + Tzt x)e™ — 20, (t,2) — 204(t, x)e ™ — & = 0.
Furthermore, Equation (3.11) is necessary and sufficient for
&= gxz: +a(t),

and when used in (3.15), one obtains

;= L m(f).
4 2
from which
t
Q=2 at—():r: + b(t).

8 2

(3.8)
(3.9)

(3.10)
(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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If we use the current values for #, zand & in (3.12), we have that

T 2 ! r 2l u T ol u
;’K.-- ‘“_f Vo 4 by(t) + Tu(t, 2)e™ 4 ’1’ ylt.2)e 0

which splits on powers of x to yield

2 Tttt
e — =0,
) ;
o au(t)
T 5 = 0,

20 Tyt ) — Dot ) e + by(t) + % =0.

Equations (3.20) and (3.21) respectively admit
T :4(:1t2 + 8eat ey

a(t) =2c4t + c5

www.multiresearchjournal.com

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

Splitting Equation (3.22) on coefficients of e 7, and using value of z in the resulting equations, one finds that

b(t) = 72(3112 + ¢
Hence we have

T =dcit? + 8catycs,
& =4eite + deax + 2c4t + 5,
n=—c (x> +2t) — ey + cg + T(t, x)e

where I'(t, X) is any solution to the heat equation

Ti(t,z) — Tpp(t,z) = 0.

We have obtained an infinite dimensional Lie algebra spanned by

, 0 9 P
X, =422 1 ata
! o Ty

— (2% + 21)
ou

-2
Xy 2t6 :r%
5oL
Xo=n-

.0
Xr =I'(t,z)e B

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

Remark 3.1: The potential Burgers equation (1.3) has an infinite-dimensional Lie algebra of point symmetries and many
higher symmetries M. This is evident from the presence of an arbitrary function of the independent variables in the last

symmetry.

197


http://www.multiresearchjournal.com/

International Journal of Advanced Multidisciplinary Research and Studies www.multiresearchjournal.com

3.2 Commutator Table for Symmetries
We evaluate the commutation relations for the symmetry generators. By definition of Lie bracket 4, for example, we have that

(X5, X3] = X5X3 — X3X5 = ( 0 3) _ ((9 8):0.

o) \otor (3.34)

Remark 3.2: The remaining commutation relations are obtained analogously. We present all commutation relations in table
(1) below.

Table 1: A commutator table for the Lie algebra spanned by the symmetries of pontential Burger’s equation

[Xi; Xi] X1 X2 X3 Xa Xs Xe X
X1 0 -8 X1 -X1+ 2Xs 0 -2X4 0 1
X2 8 X1 0 -8X3 4X4 -4 X5 0 2
X3 X2 2Xe 8X3 0 2Xs 0 0 t
X4 0 -4X4 -2Xs 0 Xe 0 3
Xs 2X4 4Xs -Xs 0 0 0 X
Xe 0 0 0 0 0 0 -X
X -1 -2 -t -3 - x X 0

Where

Ty =4t + 4taT, + (22 + 26T
Ty =8tI; + 42T,
I's =2tI'; +

3.3 Group Transformations
The corresponding one-parameter group of transformations can be determined by solving the Lie equations I3, Let T¢; be the

group of transformations for each X;, i = 1, 2, 3, 4. We display how to obtain Te; from X; by finding one-parameter group for
the infinitesimal generator Xs, namely,

ox” (3.35)

In particular, we have the Lie equations

dt ]

— =0, f =t

de e=0 ’

dz B

— =1, =z =z,

de =0

du 0. @

— = 1 = u.

de 0 Y=o ™M (3.36)

Solving the system (3.36) one obtains,

t=t, I=x+e u=u, (3.37)
and hence the one-parameter group Te4 corresponding to the operator Xs is

T.: (47,1)=(tz+esu) (3.38)

All the five one-parameter groups are presented below:

by
o

—_
SH
5]

— i dert 2
T = | ——— wetat (2?42
, ) (1 —aeit e u— (27 + 2t)e

T.,: (&,1) = (t32, we*? u)

Te,: (t,Z,0) = (t+e3,2,u)

T, : (G z,0)=(ta+ 2et,u— es).

Te,:  (£,7,0) = (t,x + €5, u).

T : (& z,0)=(t,x,u+ep).

T..: (tz.0) = (t,z,In|0(t, z)er +€"|). (3.39)

3.4 Symmetry transformations
We now show how the symmetries we have obtained can be used to transform sepcial exact solutions of the potential burgers
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equation into new solutions. The Lie group analysis vouches for fundamental ways of constructing exact solutions of PDEs,
that is, group transformations of known solutions and construction of group-invariant solutions. We will illustrate these

methods with examples. If @= 9. %) is a solution of equation (1.3)
d)(t" '7:! U’! 6) = g(fl(t‘ '1:! /”‘! 6)7 fz(t‘ :L" ?L, E))!
is also a solution. The one parameter groups dictate to the following generated solutions:

Te, tu=g .Ee'mt) + (2% + 2t)e;

(=
Te, :u 7g(t6>8‘2 1‘2’)
Lt u=g(t+e3,x)
cu=g(t, x + 2e4t) + €4,
s u=g(t,z + €s5).

4

T
T.
T

Teo i u :g(tv 'U) - €6-
Tr :u—=1In |eg(t’z) —T'(t, I)el«‘

3.5 Construction of Group-Invariant Solutions
Now we compute the group invariant solutions of Burger’s equation.

20 72 8
1)X1_4t +4f1’ax (z= +2t) 5,

The associated Lagrangian equations

dt dx du

E o E B —(:152+21‘,)1

yield two invariants, J; = X/t and J, = u + 1/2 In x + x%/4t . Thus using J> = ®(J1), we have

T 21
u(t,z) = @(%) - jTt - éln.z’.

The derivatives are given by:

utff—q)bzg( )+E
T 1
=¥ 55

1 T 1
Use :t—zé”(%) -5

If we substitute these derivatives into Equation (1.3), we obtain the second order ordinary differential equation

1 c
F0(5) + 507(5) - (D) + 5 =0

t2 x x2

By the transformation

we have the Riccati equation

3
Py + 2% -yt S =0,

for which one particular solution is

x

31:2

N

Suppose we let

1
y:y1+q—|-,

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
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and obtain
dy 1 1 dv
dz 222 02dz’

Substitutions for y and dy/dz into Equation (3.45), gives us
1 1de 1 1\2 1,1 1 3
s wa () m ) i (3.46)
that simplifies to

dv

= (3.47)

Integration yields

v=2+0C (3.48)
Finally

y=5.+F %C'l
and

e 1 1

— =t —
dz 2z 24+C

whose integration yields

@(:):%lﬂ:«#ln\:ACl +Ca (349)
Thus, the group-invariant solution associated to the Xj is
1 [z z?
’U,(t,.’l,') :hl‘7%<?+01>1 - E +CQ
ii) Xo = 81% + fl.r%
dt  dxr du
8 4r 0 (3.50)
This gives the constants J; = u and J2= W giving the solution
x
()
Vi (3.51)
We obtain the derivatives as follows:
To2(vap T \vi) (3.52)
1 T
e ()
Ve AWV (3.53)
1 x
Uy :_d)”<_)
1 \4 (3.54)

If we substitute the above derivatives in Equation (1.3), we obtain the second order ordinary differential equation
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1 =z x 1 T 1 T
2 (ﬁl(i) 774)/2(7) - 7¢)”(7) :0
2(var \vt) 17 \vt) T\t (3.56)

—
The transformations ¥ ~ 37 and @ = #'(»)., yields the Bernoulli equation (with n = 2),

dQ _ 2
gy Tve= (3.57)

Equation (3.57) admits

Q—Gﬁw%m@N+aﬂ

(3.58)
This means that
d¢ 2 y -
@GWﬁm@nw@,
(3.59)
and by integration with respect to y, we have
o) = n (|vrert(5) + 1) + o (3.60)
Finally, by the change of variables to the initial ones, we have
ult, z) :ln(‘ﬁert'((%))+01‘> e (3.61)
(iii) X3 = olot (Stationary solutions)
The Lagrangian system associated with the operator Xs is
di _ dr _ du
8 4c 0 (3.62)

whose invariants are J; = x and J; = u. So, u = w(x) is the group-invariant solution. Substituting of u = w(x) into (1.3) yields

¢ (x) + ¢ (x) = 0. (3.63)
Equation (3.63) is a second order nonlinear ODE which is satisfied by the function

¥(z) =In|z - C1| + Ca. (3.64)
Thus the stationary solution for (1.3) is given by

u(t,z) = In|z — C1| + Ca. (3.65)

. I a
iv Xo =205 — 5
Characteristic equations associated to the operator X, are

dt - dz du

0 2% o (3.66)

yields J1 =t and J, = x2/2 + 2tu. As a result, the group-invariant solution of (1.3) for this case is J. = ¢(J1), for ¢ an arbitrary
function. That is,

o) = 5t) - & _ o)
u(t,z) = 8(¢) , 0t = , t#0 (367)

Substitution of the value of u from equation (3.67) into equation (1.3) yields a first order ordinary differential equation
o'(t)+3 =0, whose general solution is 9(t) = =31 1t/+Cs_Hence, the group-invariant solution under Xy is
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2

u(t,x) = (ZIZIHM f "'”) FCyy, t#0

(3.68)
V) Space translation -invariant solutions
We consider the space translation operator
a
X5 =—
*T o (3.69)
Characteristic equations associated with the operator (3.69) are
dt _de_ du
0o 1 0’ (3.70)

which give two invariants J; = t and J> = u. Therefore, u = () is the group-invariant solution for some arbitrary function .
Substitution of u = w(z) into (1.3) yields

¥'(t) = 0, (3.71)
whose solution is

() = Cy, (3.72)
for C, an arbitrary constant. Hence the group-invariant solution of (1.3) under the space translation operator (3.69) is

u(t,z) = Cy (3.73)

N X = 2
(vi) 76 = du
This Lie point symmetry does not have any invariant solution.

vii) X
This Lie point symmetry does not have any invariant solution.
3.6 Soliton

We obtain a traveling wave solution of the potential Burgers Equation (1.3) by considering a linear combination of the
symmetries Xs and Xz, namely, [*3

7] 0
X =c¢Xs+ X3 =c—+ -, forsome constant c.

Oz Ot (3.74)

The characteristic equations are

dt dx du

1 ¢ 0 (3.75)
We get two invariants, J; = x — ¢t and J, = u. So the group-invariant solution is
u(t,x) = ®(xz — ct), (3.76)

for some arbitrary function @ and c the velocity of the wave.
Substitution of u into (1.3) yields a second order ordinary differential equation

c® + 0”7 + " =0, (3.77)
with constant coefficients. If z = x — ¢t and @ (z) =y, then we have a simplified ordinary differential equation of the form
¥+ +ey=0, (3.78)

whose solution is

-1
ma(;+aéﬂ
(3.79)
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This means that

-1
() = ( - % + Clekz) ,
(3.80)

and is solved by

®(z) = In (|Clkekz - 1D —kz+Ca. (3.81)

Clearly,

u(t,z) =In (’C‘lkemf‘f2I - ID —ex —cx’t + Cy (3.82)

4 Conservation laws of equation (1.3)
We will employ multipliers in the construction of conservation laws.

4.1 The multipliers
We make use of the Euler-Lagrange operator defined as defined in 1 to look for a zeroth order multiplier A = A(t, X, u). The
resulting determining equation for computing A is

i [A{’I.l,‘ - “3‘ - ”:1:;:-}] =0.

du (4.1)
where
', ) 9 , 9
E—@*Dﬁﬁ*DzaT—%‘{*DIaTLII#““. (42)
Expansion of Equation (4.1) yields
Ay(us — u2 = tgz) — D(A) + 2D,(Au,) — DA(A) =0 (4.3)
Invoking the total derivatives
b= D@ DD
R e Ouy e Ouy ’ (4.4)
D, = .{A) + Uy ‘(‘) + Uy - o + Uy .() + ...
dx du iy uy (45)
on Equation (4.3) produces
2(Ar — Apu )tz + 2(A — A ttr + (Ay — Au)u — Aj — Ay = 0 (4.6)

Splitting Equation (4.6) on derivatives of u produces an overdetermined system of four partial differential equations, namely

Uy Ay = Agy =0, 4.7)
Upp s A — A, =0, (4.8)
2 s Ay = Ay =0, (4.9)
rest : Ay + Agy =0 (4.10)

Note that Equation (4.8) is sufficient for Equations (4.9) and (4.7) . We can write Equation (4.8) as

dA
A= ——
du (4-11)
if and only if
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dA

+ = du, (4.12)
giving a solution of the form

A= A(t, z)e (4.13)
Substitute this value into Equation (4.10) to obtain

(Ay + App)e® =0 (4.14)
which is the same as

A+ Agg = 0. (4.15)
This is a linear heat equation and can be solved by separation of variables. If we assume a solution of the form

Aty ) = X (a)T(1), (4.16)
then Equation (4.15) gives

X"(@)T(t) + X ()T'(t) = 0. (4.17)
Dividing by X7 +# 0 and introducing the separation constant —A?, we have

T — NT =0 (4.18)

X 4 A2X =0 (4.19)
The solutions to Equations (4.18) and (4.19) are respectively given by

T(t) =Cre (4.20)

X (z) =Cacos Az + Czsin Az (4.21)
which implies that

At,z) = eXt[Crcos Az + CasinAa], €1 = Ci0a, C2 = CiCs. (4.22)
We finally have Equation (4.13) becomes

A(t.x) = " [Cy cos Az + Cpsin Az (4.23)
Essentially, we extract the two multiplies

Ay =M cos A (4.24)

Ay =X sin da. (4.25)

Remark 4.1: Recall that a multiplier A for Equation(1.3) has the property that for the density T =T (t, x, u) and flux T*=T*
(t1 Xl ul uX)

A (ut - ui - um) = DT + D, T* (4.26)
We derive a conservation law corresponding to each of the multipliers.

(i). Conservation law for the multiplier A1 =" cos Az
Expansion of equation (4.26) gives

APt g Az{ug — ul — Uge } = Tf +ueTh + +T5 + u, TE + Uge Ty, (4.27)
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Splitting Equation (4.27) on the second derivative of u yields
Uy ¢ TE = —eMtcos
Rest : " cos Ax{us —ul} = Tf + Thup + TF + Tous.

The integration of Equation (4.28) with respect to ux gives
T% = {—eM cos Arhu, + Alt, 7, 1)

Substituting the expression of T* from (4.30) into Equation (4.29) we get

2 - 2 )
N cog Ax{uy — uf_} :T:’ + T,ﬁur + Auge™ T gin Ax + A+

w2 {—eM " cos Az} + Ay,
which splits on first derivatives of u, to give
up i A, =AM sin A,
w : Tt= e cos Ao,
Rest : 0=T/ +A,.
Integrating equations (4.33) and (4.34) with respect to u manifests that
Tt = Mt cos Az + C(t, z),
A= AN ginAr + B(t,x)
By substituting the obtained functions into Equation (4.35), we have

Ci(t,z) + B.(t,z) =0

www.multiresearchjournal.com

(4.28)

(4.29)

(4.30)

(4.31)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

Since C(t, x) and B(t, x) contribute to the trivial part of the conservation law, we take C(t, x) = B(t, X) = 0 and obtain the

conserved quantities
Tt =t cos Ar,
T® = — Nt {ug cos Az 4+ Asin Az}

from which the conservation law corresponding to the multiplier A1 =

D, (€A3t+n cos )\J’.) -D, (g"EH'”{u.I cos Az + Asin )\:1:}) = 0.

(ii). Conservation law for the multiplier 4, = X" siu \x
Expansion of equation (4.26) gives

2 . 5
eVt gin Ar{u; — ui — g} =TF + u,Tf‘ ++T7 +u, Ty + ue Ty,

Splitting Equation (4.42) on the second derivative of u yields

2p .
wy, : Iy = —eMH % sin A,
ET ;
Rest : e*tt" sin Ax{uy — ul} = Tf + Thuy + T 4 T,

The integration of Equation (4.43) with respect to ux gives

T = {—f,"\l'*“ sin Axhug + alt, o, u).

Substituting the expression of T x from (4.45) into Equation (4.44) we get

N+ cos Az s given by

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)
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24 . : 2
M sin Ae{uy — wl)} =T + Thuy — Auge ™ cos Az + au+

ui{—e’\zH“ sin Az} + auug. (4.46)

which splits on first derivatives of u, to give

U ¢ ay =AMt cos Az, (4.48)
I T! = N gin Az, (4.49)
Rest : 0=T}+ a,. (4.50)

Integrating equations (4.48) and (4.49) with respect to u manifests that

Tt = Xt sin Az + e(t, x), (4.51)
a = XeNTUcos Az + b(t, ). (4.52)

By substituting the obtained functions into Equation (4.50), we have
e (t,x) + be(t,z) =0 (453)

We may take c(t, x) and c(t, x) as contributing to the trivial part of the conservation law and set them to c(t, x) = b(t, x) = 0 and
obtain the conserved quantities

Tt :FXZH—H.

sin Az, (4.54)
T = — e’\zH“{uL sin Az — Acos Az} (4.55)

2
(/\ t4u

from which the conservation law corresponding to the multiplier Az = sin Az s given by

Dy (Et)‘zt” sin )\:1;) — D, (e’\ZHu {ugsin Az — X cos )\.L‘}) =0. (456)

Remark 4.2: It can be shown that the two sets of conserved quantities are conservation laws. Given that «**** # oand
sinAr # 0 the verification reaffirms that the potential burger’s equation is itself a conversation law.

5. Conclusion

In this manuscript, an infinite dimensional Lie algebra of Lie point symmetries has been applied to study a potential Burger’s
equation. A commutator table has been constructed for the obtained Lie algebra. We have also used symmetry reductions to
compute exact group-invariant solutions, including a soliton. Conservation laws have also been derived for the model with the
use of zeroth order multipliers.
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