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Abstract 

This specific study investigates the flow and heat transfer 

analysis in a quadratic mixed convection magneto-

micropolar nanofluid over a vertically stretched sheet. The 

electro-conducting reactive micropolar fluid contains tiny 

nanoparticles in the presence of viscous dissipation, Joulean 

heating, Brownian movement of microscopic particles, 

thermal radiation, thermo-migration of particles, and 

prescribed surface temperature. Appropriate similarity 

variables are imposed on the mathematical equations to 

transform the partial derivatives governing the flow 

equations into ordinary derivatives, allowing for the 

numerical solution through the Runge-Kutta Fehlberg 

technique alongside shooting method. The parametric 

analysis of the physical quantities on the transport fields are 

illustrated by means of graphs while the findings show that 

an increase in the magnetic field term decelerates the 

velocity profiles of the micropolar fluid nanofluid while 

simultaneously reducing the thickness of the boundary layer 

of momentum. Furthermore, the concentration field of the 

nanoparticles profile decreases when the chemical reaction 

and Brownian motion parameters escalate whereas thermal 

radiation term raises the heat distribution across the surface. 
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1. Introduction 

Researchers have paid a great deal of attention to the flow of fluids at the bounding surface and formed by expanding materials 

because of its significance in industrial and technical processes. Stretching sheet in a stationary cooling fluid is crucial in 

various manufacturing processes such as plastic sheets, glass manufacturing, hot rolling, wire drawing, manufacturing of paper 

and textiles (Ishak, 2008; Elbashbeshy et al., 2018). The investigation of boundary layer flow occasioned by a stretching sheet 

was first examined by Crane (1970) [5]. The author reported a closed form solution for the flow profile. An extension to this 

concept was then extended by Gupta and Gupta (1977) [12] to a permeable surface. Many researchers have also extended this 

type of study on various configurations, conditions and parameters of interest (see Kumar, 2009  [14]; Makinde and Aziz, 2011 

[18]; Akinbobola and Okoya, 2015 [2]; Fatunmbi and Fenuga, 2018). 

Nanofluids are defined as liquids containing nanoparticles of materials like metals, oxides, carbides, etc. This novel family of 

fluids helps thermal conductivity and heat transmission as contrasted with the conventional heat transfer fluids like water, oil, 

ethylene glycol, etc. As described by Choi [1], nanofluid is a new class of heat transfer fluids that which consist a traditional 

fluid and nanoparticles. Recent research on nanofluid has shown that nanoparticles change the fluid characteristics because 

thermal conductivity of these particles is higher than convectional fluids. Heating and cooling are common phenomenon in a 

wide range of industrial and engineering processes, from the production of electricity to the operation of nuclear reactors, 

transportation industries, pharmaceutical and drug production, etc. Nanofluids have the ability to increase cooling process and 

raise heat transfer mechanism in high-energy equipment. The mix of the micropolar fluid with microscopic nanoparticles is 

crucial in varied domains of engineering, manufacturing, research and technology. Biomedical engineering, for example, 

involves the study of fluid dynamics in the brain and blood, as well as the drawing of metal filaments, the rheology of paints 

and other chemicals, the manufacture of medications, and other fields. On the foundation of these vital applications, numerous 

researchers have showed interest in such researches. For instance, Akba et al., (2013) [1] evaluated the flow of hydromagnetic-

nanofluid near a stagnation point alongside with radiation and conditioned by a convective surface heating while Noor et al., 

(2015) [21] numerically reported such a study using micropolar nanofluid over a vertically stretched surface with slip properties. 

The effects of thermal radiation on mixed convection flow and heat transfer are significant in several processes occurring at 

high temperature in engineering areas and so knowledge of radiation heat transfer becomes very significant exclusively for 

building reliable devices in various fields like in nuclear plants, gas turbines, satellites, various propulsion devices for aircraft, 
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missiles and space vehicles (Ibrahim and Suneetha, 2014; 

Parida et al., 2015 [22]; Mabood and Das, 2016 [20]; Fatunmbi 

and Adeniyan, 2020). 

The current investigation aims to examine the consequence 

of flow and heat transfer mechanism in a quadratic mixed 

convection magneto-micropolar nanofluid induced by an 

expanded stretching in the presence of thermo-migration and 

brownian motion of tiny particles, thermal radiation, viscous 

dissipation and Ohmic heating effect. This study finds useful 

applications in various industries and engineering processes 

such as in pharmaceutical and transportation industries, 

extrusion of polymers, wire drawing, paper and textile 

manufacturing and other metallurgical activities. The main 

equations are solved numerically and various parameters 

effects are displayed using various graphs with appropriate 

discussions of results. 

 

2. Problem Formulation 

For the development of the problem at hand, the following 

assumptions hold valid: 

The flow is incompressible and steady while the working 

fluid is electro-conducting micropolar fluid with tiny 

nanoparticles. The flow is induced by vertical stretching of 

the sheet in  direction while  axis is perpendicular to it as 

pictured in the flow configuration (Fig 1).  

 

 
 

Fig 1: Schematic flow configuration 

 

The sheet velocity is assumed to be  where  

and  is a positive constant indicating the rate of stretching. 

The heat profile is conditioned by joule heating, viscous 

dissipation, thermophoresis effect, Brownian motion, and 

thermal radiation. The wall thermal condition is assumed to 

be a Prescribed Surface Temperature (PST) expressed by 

 where  with  being a power 

law index, sheet temperature and free stream temperature 

respectively. The concentration field incorporates the 

influence of homogeneous chemical reaction of order one 

with brownian motion and thermophoresis factors. The 

micropolar fluid stress tensor and couple stress tensor are 

described by (see Eringen, 1966 [7]; Lukaszewicz, 1999 [16]; 

Chen et al., 2011): 

 

  (1) 

 
  (2) 

 

Where the symmetric part of the stress tensor is indicated by 

. Moreover,  indicates 

the Cauchy stress tensor,  connotes pressure,  is the 

second viscosity coefficient,  stands for the dynamic 

viscosity,  expresses the dynamic microrotation viscosity, 

 and  are the coefficients of angular viscosity,  

and  are the velocity component, angular velocity 

component and the alternating/permutation stress tensor,  

is the couple stress tensor,  indicates Kronecker delta, 

describe partial derivatives with respect to 

coordinates  The following inequalities must hold 

for Eq. (1) to be satisfied: . 

 

2.1 The Governing Equations 

The equations modelling the flow and heat transfer analysis 

are the continuity equation, momentum equation, 

microrotation equation, energy equation and concentration 

equation. Use has been made of the boundary layer 

approximations and the aforementioned assumptions for the 

derivation of the governing equations. 

 

  (3)  

 

 
 

+ , (4) 

  

  (5) 

 

    
 

   (6) 

  

  (7) 

 

Subject to the following wall conditions. 

  

  (8) 

 

Where  and are the coordinates and , , , ,  

and  are velocity component in  direction, velocity 

component in , temperature, kinematic viscosity, density, 

concentration of nanoparticles, acceleration due to gravity, 

mean absorption coefficient and thermal conductivity 

respectively. The others symbols are  which is electrical 

conductivity,  is the micro inertia density,  denotes 

the heat capacity of the fluid,  is the spin gradient viscosity, 

 is the coefficient of linear thermal expansion,  

coefficient of nonlinear thermal expansion,  is the 

coefficient of linear solutal expansion and  is the 

coefficient of nonlinear solutal expansion,  indicates 

thermal conductivity,  concentration at the free stream,  

vortex viscosity,  Brownian diffusion coefficient,  

stands for thermophoretic diffusion coefficient, ,  

http://www.multiresearchjournal.com/


International Journal of Advanced Multidisciplinary Research and Studies   www.multiresearchjournal.com 

898 

illustrates the dynamic viscosity,  microrotation 

component. Besides, the micropolar surface parameter is 

indicated by  in equation (6). The interval of  is given as 

. There are various information from the value of 

. For instance, when , then  which implies a 

strong concentration of the micro-elements at the wall 

whereas  indicates a weak concentration of the 

micro-elements. In the case of  as it is applicable to 

turbulence flow situations (Peddieson, 1972, Jena and 

Mathur, 1981; Ahmadi, 1976). 

 

2.2 Similarity variables 

The following similarity quantities are imposed on the 

governing equations to transform them from partial into 

ordinary differential equations. 

  

  (9) 

 

On the use of (9) the continuity equation is satisfied and 

equations (2-5) can be written as  

 

  (10) 

  

  (11) 

  

  (12) 

  

  (13) 

  

subject to:  

 

  (14) 

  

Where  

  

  (15) 

 

In equation (13),  is the material micropolar term,  

represents Prandtl number,  is the magnetic field term,  

is the radiation parameter,  shows Eckert number,  

denotes the Schmidt number,  local solutal Grashof 

number,  local thermal Grashof number,  nonlinear 

thermal convection,  nonlinear concentration convection, 

 chemical reaction term,  mixed convection parameter, 

 mass mixed convection parameter,  indicates ratio of 

concentration to buoyancy forces,  is the thermophoresis 

term and  indicates the Brownian motion sequentially. 

 

2.3 Quantities of engineering interest 

For the quantities of engineering interest in this study, the 

coefficient of skin friction  which corresponds to the 

viscous drag at the wall, the Nusselt number  which 

implies the heat transfer at the surface and the Sherwood 

number . These quantities are respectively 

communicated in Eq. (14) as 

 

  (14) 

 

Using the similarity variables (7) on equation (14) to obtain 

the dimensionless version of the quantities of engineering 

interest which are written as  

 

  (15) 

  

  (16) 

  

  (17) 

 

Where ,  

and  indicates shear stress, heat flux and 

mass flux in that order. 

 

3. Method of solution 

In view of the high nonlinearity of the governing equations 

(10-13) subject to the wall conditions (14), a numerical 

solution to the controlling equations is sought by means of 

Runge-Kutta-Fehlberg in conjunction with shooting 

techniques. This method has been suitable for nonlinear 

ordinary differential equations due to its accuracy and 

stability. The details of this method can be found in the 

reports of Ali (1994) [3]; Attili and Syam (2008) [4]; 

Mahanthesh et al., (2018) [19]. The correctness of the results 

obtained has been verified by comparing the values of the 

Nusselt number with exiting studies in literature when 

Prandtl number  and temperature exponent n vary under 

some limiting constraints. As collated in Table 1, there is a 

good agreement with the present results as compared with 

the existing work. The values of the dimensionless 

parameters have been carefully selected as follows  

 and  = 0.72. These values are used for the 

computation unless otherwise stated in the figures. 

 

Table 1: Computational values of Nusselt number  for 

different values of  and  as compared with existing study 
 

 Grubka and Bobba (1985) current work 

 Pr =0.72 Pr = 1.0 Pr =0.72 Pr = 1.0 

- 2.0 0.7200 1.0000 0.72069 0.99945 

- 1.0 0.0000 0.0000 -0.00110 0.00012 

0.0 -0.4631 -0.5820 -0.46359 -0.58201 

1.0 -0.8086 -1.0000 -0.80883 -1.00001 

2.0 -1.0885 -1.3333 -1.08862 -1.33333 

3.0 -1.3270 -1.6154 -1.32707 -1.61538 

  

4. Results and discussion 

The contributions of the various physical parameters on the 

dimensionless velocity profile, microrotation field, heat 

distribution and concentration profiles are illustrated with 

different graphs and appropriate discussion for better 

prediction and application. Fig 2-5 reveal the impact of the 

material parameter $R$ on the dimensionless quantities. A 

rise in  causes the microrotation profile to appreciate both 
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in the presence or absence of the magnetic field term as 

found in fig 2. The microrotation profile attains the 

minimum level in the absence of the magnetic field  

Thus the impact of  is to boost the microrotation field as 

the micropolar parameter rises in value. Likewise, growing 

values of  causes the velocity field to accelerate and 

increase the thickness of the hydrodynamic boundary layer 

as depicted in fig 3. With arise in  there is a decline in the 

strength of the dynamic viscosity and in this view, there a 

decline in the resistance to the fluid flow. However, the fluid 

motion decelerates with a rise in the strength of the 

magnetic field term  as shown in fig 3. This action resulted 

from the Lorentz force which is a drag-like force caused by 

the interaction between the electrically conducting 

micropolar fluid and the magnetic field. Thus, magnetic 

field impact helps in controlling the fluid motion which is 

applicable in engineering processes like extrusion works. 

 

 
 

Fig: 2 Microrotation profiles for varying  
 

 
 

Fig 3: Velocity field for changes in  
 

Meanwhile, there is a fall in the thermal boundary layer 

thickness as well as surface heat distribution as increase in 

strength in the presence or absence of the magnetic field 

term as depicted in fig 4. It is also shown that the thermal 

region is escalated due to higher  because of the additional 

heat created due to friction occasioned by the flow 

resistance induced by the Lorentz force. In the same manner, 

the concentration layer decline with higher magnitude of 

as displayed in fig 5.  

 

 
 

Fig 4: Plot of thermal field against  
 

 
 

Fig 5: Concentration profile for variation in R 
 

In the absence of  there is a thicker concentration 

boundary layer and a higher profile as compared to the 

presence of . Fig 6 and 7 respectively demonstrate the 

impact of the mixed convection parameter  on the velocity 

and temperature profiles in the presence of the nonlinear 

thermal convection  A rise in  energizes the buoyancy 

force and dominates the viscous force and consequently 

propels arise in the fluid motion. This response is due to the 

fact that arise in  favours the buoyancy force and causes a 

reduction in the viscous force as shown in fig 6. However, 

the converse is the case on the temperature distribution 

across the boundary layer as illustrated in fig 7. 

The characteristics of concentration mixed parameter  on 

the transport fields of velocity and concentration are 

demonstrated in fig 8 and 9 respectively in the presence of 

nonlinear concentration convection term  Similar to the 

reactions discussed in fig 6 and 7, a rise in  enhances the 

velocity profile. This trend occurs due to the dominance of 

the buoyancy force on the viscous force as  increases. The 

concentration field on the other hand depreciates with 
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enhancement of  as clearly shown in fig 9. 

 

 
 

Fig 6: Velocity field for variation in  
 

 
 

Fig 7: Temperature distribution for changes in  
  

Fig 10 and 11 are plotted to reveal the impact of the Prandtl 

number on the velocity and temperature profiles in the 

presence and absence of the Eckert number  As found in 

fig 10, there is a decline in the fluid motion as  increases 

when  and when  This trend occurs due to the fact 

that growth in  corresponds to a rise in the dynamic 

viscosity of the fluid and in this view, there is a resistance to 

the fluid motion and a decelerated flow. Likewise, the 

thermal boundary layer shrinks as  rises in magnitude and 

in consequence, the surface temperature drops as depicted in 

fig 11. Here, there is a decline in the thermal diffusivity and 

a rise in the momentum diffusivity as  enhances and such 

trend leads to a reduction in the temperature distribution. On 

the other hand, as  increases, the thermal field appreciates 

due to friction between the micropolar fluid particles and the 

stretching sheet which creates additional heat in the flow 

region.  

 

 
 

Fig 8: Plot of velocity profiles against  

 

 
 

Fig 9: Concentration profiles for  
  

 
 

Fig 10: Velocity field versus  
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Fig 11: Temperature profiles versus  
 

The graph of temperature distribution versus  for variation 

in the radiation parameter  is shown in fig 12 in the 

presence and absence of the temperature exponent term  

the heat region as demonstrated in fig 12. It is clearly seen 

that the heat distribution appreciates as  escalates in 

magnitude. There is a positive impact on the heat 

conduction due to a growth in  and as such, a boost the 

heat profile. A rise in the thermophoresis parameter 

raises the concentration profile and thickens the solutal 

boundary layer as demonstrated in fig 13. However, the 

concentration field  decreases as the Schmidt number  

rises in magnitude. Thermophoresis force promotes a rise in 

the temperature profile due to the temperature gradient 

occasioned by the thermophoretic force, such a force propels 

higher flow further away from the sheet such that more 

heated fluid is drawn away from the sheet which 

consequently causes a rise in thermal field as  advances. 

The reaction of the Brownian motion term  in respect to 

temperature distribution is displayed in fig 14. Brownian 

movement is the irregular motion found in the nanoparticles 

by its suspension in the working fluid. Due to this irregular 

motion, there is an increase in the kinetic energy due to the 

enhanced motion of the fluid and as such, there is arise in 

the temperature of the fluid as noticed in this figure. 

 

 
 

Fig 12: Temperature distribution versus  

 
 

Fig 13: Concentration profiles versus  
 

 
 

Fig 14: temperature profiles for variation in  

  

5. Conclusion 

The analysis carried out in this study is based on the 

quadratic mixed convection flow and heat propagation of 

magneto-micropolar nanofluid over a vertically extending 

sheet. In the model considered, the impact of viscous 

dissipation, Ohmic heating, thermal radiation, 

thermophoresis and Brownian motion are incorporated in 

the presence of the prescribed surface temperature at the 

thermal boundary. The mathematical equations have been 

reduced from partial into ordinary derivatives by means of 

the relevant similarity quantities while the reduced system 

of equations has been solved numerically via the scheme of 

the Runge-Kutta Fehlberg and shooting technique. The 

reliability of the codes is verified by comparing the 

computational values of the Nusselt number obtained in this 

study with existing related study in the literature under some 

limiting scenarios. Summarily, the study reveals that:  

▪ The microrotation boundary layer thickness and the 

hydrodynamic boundary layer expands as the 

micropolar material parameter  increases which in turn 

leads to fluid motion acceleration in the transport field. 

▪ The thermal and concentration profiles drastically 

reduced as micropolar term enhances whereas the 
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opposite is the case as the magnetic field parameter 

increases in magnitude. The magnetic field term boost 

temperature distribution but decelerate velocity profiles. 

▪  Both the thermal and momentum boundary layer 

thickness depreciate as the Prandtl number Pr increases 

and so, the there is a reduction in the micropolar 

nanofluid motion and the surface temperature also falls 

with higher Prandtl number.  

▪  The temperature and nanoparticle concentration 

boundary layer appreciate with growth in the 

thermophoresis and brownian motion terms but the 

reverse is the case for growth in the Schmidt number 

and brownian motion terms on the concentration 

profiles.  

▪ An expanded thermal boundary layer is encountered as 

the radiation and Eckert number terms increase in 

magnitude but the thermal field decrease with growth in 

the temperature exponent parameter. 
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