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Abstract

Every branch of knowledge deals with sets of elements and
relationship between these elements. In order to study these,
it is useful to study various possible transformations on the
elements and to determine which properties remains
invariant under these transformations. Each science tries to
define concepts, laws and invariance. In physics we consider
atoms, electrons, protons, mass, momentum, force, energy,
temperature and the structure of relationships among them is

expressed by various laws such as Newton’s Law of motion,
Law of mass of conservation etc. In chemistry, we consider
atomic and molecular structures and the transformations of
inorganic and organic substances through chemical
reactions. Similarly, Sociologists deal with social
transformation, economists with economic transformations,
and political scientists with political transformations and so
on.

Keywords: Affine, Group, Mathematics, Model, Transformation, Structure, System

Introduction

Mathematics has been designed by man to provide intellectual models isomorphic to those in physical, chemical, biological
and social sciences. It also deals with sets of elements, structures on these sets, transformations in them and their invariants.
Clearly mathematics deals with relatively more abstract sets and structures than other &1,

The central idea in modern mathematics is that the study of a structure is best made in terms of transformations which preserve
that structure. In fact, the application of mathematics to nature and society is also based on this idea M. All sciences deal with
structure and in applying mathematics to them we attempt to find mathematical systems having structures similar to those in
physical, biological and social sciences.

A physical, biological or social situation may be highly complicated, but at one time we are interested only in some particular
aspect of it. We first find an appropriate transformation to convert this situation into a mathematical form which preserves the
structure we are interested in. This process is called mathematical model making. The mathematical model is as good or as bad
as its capacity to preserve the particular aspect of the structure we are considering. So, our problem is to find a transformation
which is as close to reality as possible and which is capable of being handled by appropriate simplifying mathematical
transformations. Thus, mathematical model making is an exercise in finding suitable physical mathematical transformations
preserving the structures under study, keeping in mind the available mathematical transformations for simplifying the
mathematical model. Once we have formed a mathematical model, we proceed to find mathematical transformations which
will reduce it to a simpler form and preserve the structure in question or keep a certain property invariant.

Group of Transformations

A transformation T on a set X is a mapping of set X to itself, which is such that to every X € X, their exists unique ¥ € X we
write ¥ = Tx,

Here Y is called image of x by transformation T and x is called pre image of V by transformation T. Transformation is a one-
one, mapping of a set into itself. If G be the set of all transformations on X. The product of two transformations in G is also a
transformation so we can say that closure property holds in G. For every 7172, T3 € G,

we have (T:T2)Ty = T3(T2Ty)

Thus, associative law holds for multiplication of transformations in G.

The Transformation I € G, such that Ix = x
(IMx=0ITx)=Iy=y=Tx
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&

(THx=T(Ix)=Tx=y=Tx
Sothat IT =TI =T
Thus 1 is identity transformation in G.

For every transformation T in G, there exists a transformation T~ such that T™'y=% which is one-one, onto and
(T Vy=T(T"'y)=Tx=y =1y

& T Mx=T"Yrx)=T y=x=1Ix

~TT =TT =1
Thus, every transformation in G has an inverse transformation in G.

Since all postulates are satisfied in G, so set of all transformations on X forms a group for the operation of multiplication of
transformations. Group G is not commutative in general.

Group of transformations which are likely to be of interest are those which preserve some geometrical property such as
incidence, co linearity, concurrence, parallelism, distance, order, angle, direction, area, co circularity, congruence, similarity,
continuity, cross ratio of points etc. Most of the modern curriculum reform projects in school mathematics ! have given an
important place to transformation geometry, especially to the study of isometric (distance preserving) transformations. Several
new undergraduate courses also contain a discussion of metric geometry over affine space [ 4. In present paper concept of
affine transformation

Affine  Transformations: Consider the transformation X =ax+by+cz+d, y'=apx+by+ciz+d;z' =
apx+byy+cpztdy (1) from the set of all ordered pairs (*: Y 2) of real numbers to the set of ordered
pairs (2" %".2") of real numbers. For this transformation to be one-one, we should have a unique (:32) to correspond to a
given point (¥,

a b ¢
iﬁ= ﬂ-l bl Cl * 0
Let a, by c;

Solving (1) for *: Y2 by Cramer’s Rule; We get

x-d b ¢

y'-dy By e

'—da By ra| (2 —d)(Byca—byc )= (¥ ~d,)(bey—bac)+(z —d, ) (Be,—b, 6)
A A

X =

&' (byeg—bacyy+y (Bao—beg)+2 (bey—byc)—{d(byca—bacyy+d, (Byc—bey)+da(bey —byc))
= 1 :
a x'-d ¢
a, ¥'-dy ey
a, z'—d, ¢y —(x"—d)(a;co—azc,)+(y"~d, Jlac, —azc)—(z' —d, )(ac, —a, c)

a = a

j} =

_ x'(age; — ay65) +y'(ac; — aye) +2'(ayc — acy) — {dlaye; — ay ;) + dy (ac, — ay0) + dy (a0 — acy)}
- A

a b x-d
ay by y'-dy
g —laz b 2’ —d,| _ (x'—d)la;by—azb)—(y"—d,)ab,—a,b)+(z'—d, )(ab, —a,b)

And A A

_ x'(ayby —azby) +y'(azb— aby) + z'(aby — ayb) — {d(ayb; — azby) +dy(ayb — aby) + dy(aby — ay b))
- A

Or

_ ('blcg—bgcl}x’ (bqc—beg) i ('bcl—blc:lz’ {:d('EJ1Cg—bgcl}+dJ_('IJgc—bcgzl+d2|:-[;cl—blczl}
A A - A A ,
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(azci—aye2) | (Acz—axc)
j= x + r+
2 x 2 A ,

t'alc—acl:lz, __{d(ascy—ayc5)+d,(acs—aycl+dy(a;c—acy)}

_ t'aibg—agbl:lx, (ayb—aby) L i'abi—aibjz, {dla,by—amby)+d, (ab—aby)+d.(ab,—a, b)}
a A - a a ’ (2

a b ¢
ay by o
a; by o

A=
Thus, to given point (+3".27 there corresponds a unique point (%Y. 2) if

+0

(3)
If A’ be the determinant of the coefficients of x"-¥".Z" Then

(bycz — bzflj. (byc—bcy)  (bey—bye)

A A A
A= (azc —aycz) (ac; —azc)  (ayc—acy)

A A A
(a1by —azby) (azb—ab,) (ab;— a;b)
A A A

Multiplying first row by a, second row by b and third row by c, and adding we get

A
- 0 0

&,_i b(ascy —ayc;) blac, —azc) blajc—acy)|

[(ac; —azc)(aby —ayb) — (a;c — acy)(ah — aby)]

abc A A A T Ala
cla b, —azby) cla,b—ab,) elab;—ayh)
A A A
1 adh 1
= Aa [32(5152 —bycy) +ab(ayc; — a;¢6;) + ac(ah, —azby)] = Aa = A

ie AT

=N

Therefore (1) gives a one -one mapping if (3) is satisfied, we can say this transformation as generalized affine transformation
in three dimensional spaces and the quantity

a b ¢
a; by ¢
a; by ¢

A= = [a(b;c; — bycy) + blaye, —aycy) + clayh, — ayby)]

is known as the determinant of the transformation.

Hence generalized affine transformation in three dimensions is given by x'=ax+bytez+d y' =ax+by+
€1z+dy,z" = a;x+ by + cz+dy; A¥ 0 (4)

Now (2) will determine generalized affine transformation in three-dimension if

(byep—bgeyy  (bac—beg)  (beg—byc)
. ‘ﬁ “ 3 ‘i “ - ‘ﬁ "

A= (Ancy—ay03)  (acy—dae)  (@yc—acy) =£;€;{]
- ‘ﬁ - - ‘i “ 3 ‘i “ ﬂ
{abg—asby) (azb—aby) (aby—a,b)

A A A

i.e., A~'= 0 which is satisfied because A+ 0. Thus Equations (2) also determine generalized affine transformation in three
dimensions.

When transformation (1) maps a point P to a point Q, Then transformation (2)

sends Q back to P. So, we can say transformation (2) is transformation inverse to transformation (1).Hence every generalized
affine transformation in three dimension has an inverse transformation which itself is generalized affine transformation in three
dimension. Determinant of the coefficients of inverse transformation is reciprocal of the determinant of the original
transformation (1).

The Product of two transformations

x'=ax+bytez+d y' =ax+by+ez+d,z =ax+by+cztd;,
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&
"_ i'bicz_bzci}x; + (byc—brg) vt f'bcrbiﬂ:'z; _ {d(byog—bacyy+d, (Bpe—beg)+da(bey—byc)}
A A A A ,
y' = (agcy—ascy) o (acg—agc) o (ayc—acy) 2 {dlagcy—ayeq)+dy(aco—aqcl+dg(ayc—acy )}
- A A - A A ,
= t'albg—agbljx, + (agb—abg) o i'abl—albjz, _ {d(ayby—agby)+d,(ab—aby)+dylab, —a, b}
A A - A A ’
a b ¢
tﬂi: al bl Cl *+ U
Where a; by ¢ is given by
by ca—Byey byc—bes) be,=byc)
x" =m%[ax+by+cz+d) +%[alx+bly-l-clz—l—dl)—l—%(azx—l—bzy—l— cz+d,y) —
{d(byea—bgeyytd, (bye—beg)+dy(bey—byc)} _ Ex L0y 40240=x
A A - ,
a6 — @y C ac,—a,c
" =%[rzx +by+cz+d) +¥[alx+bly+clz+dl)
(a;c—acy) {d(ay¢; —a;65) + dy(ac; — azc) +dy(ayc - acy))
A, x+byy+ cz+d,) —
A (azx+ by + ¢z +d;) A
A
=0x+3y+02+0 =y
(ayby—ayby) (a,b—ab,)
7" =%(M —I—by+cz+d)+%[alx+b1y+clz+ dy)
(ab, —a;h) (act by + 6ozt dy) {d(a;b, —ayby)+d (@b — aby) + dy(aby — ay b))
—x \az 2 2 21—
A

A
A
=0x+0y+-z+0=z
TTA
e, X' =xy'=yz'=z
This is identity transformation and is also generalized affine transformation in three dimensions. Thus each of the
transformation (1) and (2) is the inverse of the other.
Now we show that set of all transformations of form (1) forms a group.
1. The product of two generalized affine transformations in three dimensions *" = ax + by + ¢z +d
V'i=ax+byy+eztd,

z'=ax+by+cz+d,

a b ¢
ﬂ= a’l bl Cl =.t0
with  laz b2 ¢ (i)

&
xH' — afxf+ bF}jF_"_CFzF_I_dF
V' = i + by’ + ci7' + dj

z'=a,x"+ by +c,’2' +d;’
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a b

A=la," B ¢[+0
With a' by &' (ii)
; is given by

x"=a'(ax+by+cz+d) +b'(ax+byy+cz+dy)+c'(ax+ by +cz+d,) +d’

y'=ajlax +by+cz+d) +bi(ayx+ byy+ciz+dy) +cilayx+byy+cz+dsy) +dj

z'=ay(ax+ by +cz+d)+ b, (ayx+ byy+eyz+dy) + ¢y’ (ax + by + coz+dy) +dy’
ie.,

x"=(a'a+b'ay+c'a)x+(a'b+b'by+c'by)y+(a'c+b'c;+c'cy)z+ (a'd +b'dy +c'dy+d')

y'" = (aja+bia; +cia)x+ (ajb+ bib, + cib,)y+ (ajc + bicy + cic;)z + (ajd +bid; + cid; +di)

2" = (ay'a+by'a; + cy'ax)x + (ay'b + by'by + ¢3'b))y + (ay'c + by + ¢ 'cy)z + (a'd + by'dy + ¢;'dy + dy) (iii)
Determinant of the coefficients of *+ ¥+ is given by

a'a+b'a;+c'a, a'b+b'by+c'b, a'c+b'cy+c'cy
A"=| aja+bia; + cia, ayh 4+ bib, + cib, ayc+ bic, + cjc;
a,’a+by'a; +e;'a;, ax’b+by'by+e.'b; ar'c+ bey+ 65

a'a ab+b'b+c'h a'c+b'cy +c'c
=|aja aib+bib;+cib, ajc+bic; +cic
a'a a;’b+by'by+cy'by ay'e+ by'ey+cy'e
b'ay a'b+b'by+c'h a'c+b'cy +c'c
+|bia; aib+biby+cib,  ajc+bicy +cic,
by'a; a;'b+by'by+ey'by, ay’'c+ by'ey +¢5'cy
c'ay; a'b+b'by+c'b,y a'c+b'c;+c'c

+|cia; aib+biby +ciby,  alc+bicy+cic
c'a; ax'b+ by'by+c'by as'c+byey+ 65y

a'a ab ac+bcg+ce, a'a b'by a'c+bcg+cc a'a c'b, a'c+bcy+c'c
=|ala aib ajc+bic+cic |+]|ala biby alc+bic+cic |+|ala cib; ajc+bic +cic,
as’a a,'b a,’'c+by'ey +cy'cs| |as'a by'by ar'c+by'ci+ey'c| |ay'a ¢;'by ay'c+by'ey+e5'cy
b'a; a'b  a'c+b'cy+c'c, b'ay b'by a'c+bcyg+c'c,
+|biay aib  ajc+ bic +cic, |+ |bjay  biby  ajc+ bic +cicy

r r L r L L L r L r
by)a, a;’b a,’c+by'cy+c'co| |by'ay by'by ay'c+ by +cr'cy
b'a; c¢'by a'c+b'cy+c'o c'a, a'b a'c+bcg+ce
+|biay ciby  ajc+bic +cic; |+ |cia;  aih  ajc+bici+cic

r r L L r L L r L L
by'a, c;'by aj'c+byci+c'cy c'a, a;'b a;’c+byci+cr'c
c'a, b'by a'c+b'cg+c'c c'a, c¢'b, a'c+bcg+cc

r r L r r r r r r r

+|cia;  biby  ajc+bic +cic |+ |ciay  ciby  alc+bic +cic,

L r L L r L L L r L
c'a, by'by ay'c+byoy+ey'e,| |ex'ay c'by asx'c 4 by'ey 4 c5'cy
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a'a b'hy b'g a'a b'hy g a'a c¢'by; a'c a'a c¢'by; b'gy a'a c¢'by o
_ r r ’ L) ’ r L) r L) L) ’ ’ r I r
=0+ |aja biby bic,|+|aja bib, cijco |+|aja ciby  ajc|+|aja cib,  bicy|+|aja b cicy
as'a by'by by'cy| |ar'a by'By 'c| |asa co'by al’c| |ay'a c'by by'y| |ar'a c'By c'c,
b'ay a'b a'c b'a; a'b b'g b'a; a'b (g b'ay c¢'by a'c
+|biay aib ajc|+|biay aib big|+|biay aib cicy|+0+|blay ciby  aic
r i r r r r i i r r r r
by'ay a;'b ay'el |byay ai’b By'g| |Br'ay ar’h o'y by'ay c3'by ay'c
b'ay ¢'by b'g b'a; c¢'by c'ey c'a, a'b a'c c'a;, a'b b'g
r r L} r r r r r r L} r L}
+|biay ciby bic |+ |bilay ¢iby cig |+ |cia;  aib  ajc|+|ciar, aih  big
r r r i i i r i r r r r
by'ay c3'by by'ey| |By'ay ci'by c'es| |ex'an ay'b o oas’c] |cy'as as’b byg
c'a, a'b e c'a, b'h a'c c'ay b'hy bg c'a, b'by o
r ’ ’ r r r r r ’ ’ r r
+|cias aib cicy|+|ciay;  biby  alc|+|eiar  biby  bicy|+|ciay biby  cics|+0
i r r r I r r r r r I r
€03 Q3'h cy'cq| |ca'as by'by as'c| |es'as ba'hy by'ey| |ci'as By'by c5'c

=0+0+abycA" +0—abyc A+ 0+ 0+ 0—ba;coA+0+caybA"+0+ 040+ bayc, A"+ 0—cabA'+0+0+0

A= A'A
This will be generalized affine transformation if A"# 0 j.e., A’A# 0,

v A# 0 & A"+ 0 5o condition A" 0 s satisfied.

Thus, product of two generalized affine transformations in three dimensions is also generalized affine transformation in three
dimensions. Thus, closure property holds in the set of affine transformation for multiplication of transformation as operation.

2. Let first transformation of (1) be T1 and second be Tz.Then transformation (iii) is denoted by T2T1. Let T3 be a third

transformation defined by
x"'=a"x"+b"y" +c"z" +d"
V"= a{x" + biy" +ci’z" + df
ZHF — azﬂxﬂ' + bzﬂyﬂ_i_ CEHZH + dé{
ﬂ” bH CH

" "
by ¢
ay b

#=0
With

Then we have T2(T2Ty) = (TaT2)T,
"= Associative law holds for multiplication of transformation.
3. There exists generalized transformation I defined by
=xy =yz =z
For every transformation T,
TI=IT=T

. Set of generalized affine transformation possesses identity element.

4. For every generalized affine transformation T, there exists an inverse generalized transformation T~* which is such that

TT'=T"T=1]
Thus, set of all generalized affine transformation forms a group.

Properties of Three dimensional Generalized Affine Transformations:
1. Generalized three-dimensional affine transformation maps plane onto planes.
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Let the equation of a plane be given by Ax + By + Cz+D =0
Then transformation (2) maps it onto

A((blcz_bzcljx,_'_ (bzc_bcz)v,_i_ (5‘71_blf)z,_{d(blcz_bzflj."'dl[bzc_bcz)‘f‘ dz(bcl_blc)})
A A - A A

(ayc; — a;c;) ; (ac, —a,c) . (a;c—acy) .
B 7 z

A A . A
_{d(ﬁzfl_915'2)4'dl(afz_ﬁzf)+d2(al‘7_ﬁfl)}
A
(ayb, —azhy) ,  (azb—aby) | (ab;—ayb) |
C( A x + A v+ A z
_{d(albz—azbl)—l—dl(azb—abz)—i-dz(abl—alb)})_'_D _o
A

Clearly above equation represent plane since it is linear in ¥,z

2. Similarly generalized three-dimensional affine transformation maps a family of parallel planes onto another family of
parallel planes.

3. Generalized three-dimensional affine transformation maps three-dimensional triangle ABC onto a triangle A’B’C’, the
points inside (outside) triangle ABC are mapped onto points inside (outside) triangle A’B’C’ and centroid of triangle ABC is
mapped onto centroid of triangle A’B’C’.

4. Let A(x1, ¥1,21), B(X2,¥2.22) be mapped onto A'(x1,y1,21), B'(x2,¥3,22) respectively.
Then (AB)? = (x —x.)* + (v —y1)* + (2, — 2)*
And (A'B)? = (o3 —x1)* + (v; —y1)* + (23— 21)?

=(ax, + by, +cz, +d —ax; — by, —cz; — d)? + (ayx, + byyv, + €12, +dy —ayx; — byyy — ¢4z, — dy)?
+ (azxy + byy, + €32+ dy — ayxy — byyy — €32 — dy)?

=(a*+ai+ad)(x;—x)* + (B> + bi+ bD (o —y)* + (* +cf + c3)(z — 2))*
+ 2(ab + a;by + azb;)(x; — x1)(y2 — ¥1) + 2(bc + bycy + by} (2 — y1) (2 — 21)
+2(ca+ cyay+€;a,)(z; — 2y )(x; — x )

In general, A'B"+ AB, therefore, in general Generalized three-dimensional affine transformation do not preserve distances
between points.

References

1. Kapur JN. Some Aspects of School Mathematics, Arya Book Depot, New Delhi, 1967.

2. Secondary School Mathematics Curriculum Study Unified Modern Mathematics Teachers college, Columbia University
Press, New York, 1969, Chapter IX of Course | deals with transformation in the plane and chapters IV and V of Course IV
with linear transformation and matrices.

Snapper E. Metric Geometry over Affine Spaces; Mathematical Association of America, Buffalo, NY, 1963.

Tuller A. A modern Introduction to Geometrices; D. Van Nostrand. Princeton, NJ, 1967.

Kapur JN. Transformation Geometry, Mathematical Sciences Trust Society, New Delhi, 1994-95.

Neelam Singh. International Journal of Scientific & Technology Research. 2019; 8(9):314-318. ISSN 2277-8616

o0k w

520


http://www.multiresearchjournal.com/

